2008 Saint Flour Lectures
Oracle Inequalities in Empirical Risk
Minimization
and Sparse Recovery Problems

Vladimir Koltchinskii
School of Mathematics
Georgia Institute of Technology
Atlanta GA 30332-0160 USA
vlad@math.gatech.edu

September 15, 2009



Contents

Preface 5
1 Introduction 7
1.1 Abstract Empirical Risk Minimization . . . . . .. ... ... ... .... 7
1.2 Excess Risk: Distribution Dependent Bounds . . . . . .. ... ... ... 9
1.3 Rademacher Processes and Data Dependent Bounds on Excess Risk . . . 11
1.4 Penalized Empirical Risk Minimization and Oracle Inequalities . . . . . . 13
1.5 Concrete Empirical Risk Minimization Problems . . .. .. .. ... ... 14
1.6 Sparse Recovery Problems . . . . . . ... .. ... ... .......... 18
2 Empirical and Rademacher Processes 20
2.1 Symmetrization Inequalities . . . . . . . . . . ... .. ... ... 20
2.2 Comparison Inequalities for Rademacher Sums . . . . . . ... ... ... 22
2.3 Concentration Inequalities . . . . . . . . . . . .. . .. .. ... ... ... 25

3 Bounding Expected Sup-Norms of Empirical and Rademacher Pro-

cesses 28
3.1 Subgaussian Processes . . . . . . .. ... e 28
3.2 Finite Classes of Functions . . . . . ... ... ... ... ... ...... 31
3.3 Shattering Numbers and VC-classes of sets . . . . . . . . ... ... ... 33
3.4 Upper Entropy Bounds . . . . . ... ... ... .. ... ... . ..., 36
3.5 Lower Entropy Bounds . . . . . . ... ... ... ... ... .. ... 41
3.6 Function Classes in Hilbert Spaces . . . . . . ... ... ... ... .... 45
4 Excess Risk Bounds 48
4.1 Distribution Dependent Bounds and Ratio Bounds for Excess Risk . . . . 49

4.2 Rademacher Complexities and Data Dependent Bounds on Excess Risk . 59

5 Examples of Excess Risk Bounds in Prediction Problems 69
5.1 Regression with Quadratic Loss . . . . . . . .. .. .. .. ... ...... 71
5.2 Empirical Risk Minimization with Convex Loss . . . . . . ... ... ... 76



5.3 Binary Classification Problems . . . . ... ... ... ... .. ...... 80

6 Penalized Empirical Risk Minimization and Model Selection Problems 85

6.1 Penalization in Monotone Families F;, . . . . . . . . . . . ... ... ... 87
6.2 Penalization by Empirical Risk Minima, . . . . .. .. .. ... ... ... 90
6.3 Linking Excess Risk and Variance in Penalization . . . . . . . . .. .. .. 96
7 Linear Programming in Sparse Recovery 103
7.1 Sparse Recovery and Neighborliness of Convex Polytopes . . . ... ... 103
7.2 Geometric Properties of the Dictionary . . . . . . . .. .. ... ... ... 105
7.3 Sparse Recovery in Noiseless Problems . . . . . ... ... ... ...... 115
7.4 The Dantzig Selector . . . . . . . . . . . .. ... 121
8 Convex Penalization in Sparse Recovery: /;-Penalization 132
8.1 General Aspects of Convex Penalization . . .. .. ... ... ....... 132
8.2 {1-Penalization: Bounding the ¢1-Norm of a Solution . . . ... ... ... 137
8.3 {1-Penalization and Oracle Inequalities . . . . . . . . ... ... ... ... 143
9 Strictly Convex Penalization in Sparse Recovery 160

9.1 Entropy Penalization and Sparse Recovery in Convex Hulls: Random Er-

ror Bounds . . . . . ... 160

9.2 Approximation Error Bounds, Alignment and Oracle Inequalities . . . . . 170
9.3 Density Estimation and Sparse Mixtures Recovery . . .. ... ... ... 173
9.4 {,-Penalization in Sparse Recovery . . . . .. .. ... .. ..... . ... 175

10 Appendix: Properties of f- and b-Transforms 181
References 182



Abstract

A number of problems in nonparametric statistics and learning theory can be formulated
as penalized empirical risk minimization over large function classes with penalties depend-
ing on the complexity of the functions (decision rules) involved in the problem. The goal of
mathematical analysis of such procedures is to prove ”oracle inequalities” describing opti-
mality properties of penalized empirical risk minimization with properly designed penalties
as well as its adaptivity to unknown complexity of the problem. This requires a careful
study of local properties of empirical, Rademacher and other stochastic processes indexed
by function classes using the methods of high dimensional probability and asymptotic geo-
metric analysis. Recently, this approach has proved to be especially useful in understanding
of problems of recovery of a target function that has a sparse representation in a given large
dictionary based on noisy measurements of this function at random locations.



Preface

The purpose of these lecture notes is to provide an introduction to the general theory of
empirical risk minimization with an emphasis on excess risk bounds and oracle inequali-
ties in penalized problems. In the recent years, there have been new developments in this
area motivated by the study of new classes of methods in Machine Learning such as large
margin classification methods (boosting, kernel machines). The main probabilistic tools
involved in the analysis of these problems are concentration and deviation inequalities
by Talagrand along with other methods of empirical processes theory (symmetrization
inequalities, contraction inequality for Rademacher sums, entropy and generic chaining
bounds). Sparse recovery based on ¢1-type penalization is another active area of research
where the main problems can be stated in the framework of penalized empirical risk
minimization and concentration inequalities and empirical processes tools proved to be

very useful.

My interest in empirical processes started in the late 70s and early 80s. It was largely
influenced by the work of Vapnik and Chervonenkis on Glivenko-Cantelli problem and
on empirical risk minimization in pattern recognition, and, especially, by the results of
Dudley on uniform central limit theorems. Talagrand’s concentration inequality proved
in the 90s was a major result with deep consequences in the theory of empirical pro-
cesses and related areas of statistics, and it inspired many new approaches in analysis of

empirical risk minimization problems.

Over the last years, the work of many people have had a profound impact on my
own research and on my view of the subject of these notes. I was lucky to work together
with several of them and to have numerous conversations and email exchanges with
many others. I am especially thankful to Peter Bartlett, Lucien Birgé, Gilles Blanchard,
Stephane Boucheron, Olivier Bousquet, Richard Dudley, Sara van de Geer, Evarist Giné,
Gabor Lugosi, Pascal Massart, David Mason, Shahar Mendelson, Dmitry Panchenko,
Alexandre Tsybakov, Aad van der Vaart, Jon Wellner and Joel Zinn.

I am thankful to the School of Mathematics, Georgia Institute of Technology and
to the Department of Mathematics and Statistics, University of New Mexico where most
of my work for the past several years have taken place.

The research described in these notes has been supported in part by NSF grants
MSPA-MPS-0624841, DMS-0304861 and CCF-0808863.

I was working on these notes while visiting the Isaac Newton Institute for Mathe-



matical Sciences in Cambridge in 2008. T am thankful to the Institute for its hospitality.



1 Introduction

1.1 Abstract Empirical Risk Minimization

Let X, X4,...,X,,... beiid. random variables defined on a probability space (2, %, P)
and taking values in a measurable space (.5,.A) with common distribution P. Let P, de-

note the empirical measure based on the sample (X7i,...,X,,) of the first n observations:

n
-1
P,:=n E 0x;,
Jj=1

where 6., z € S is the Diracs’s measure. Let F be a class of measurable functions
f S — R. In what follows, the values of a function f € F will be interpreted as a “loss”

associated with a certain “action” and the expectation of f(X)

Bf(X) = [ faP=Pf

will be viewed as the risk of a certain “decision rule”. We will be interested in the problem
of risk minimization
Pf—min, f€F (1.1)

in the cases when the distribution P is unknown and has to be estimated based on the
data (X1,...,Xy,). Since the empirical measure P, is a natural estimator of P, the true

risk can be estimated by the corresponding empirical risk
w0 = [ fap, = Puf
j=1

and the risk minimization problem has to be replaced by the empirical risk minimization:
P,f — min, f € F. (1.2)

Many important methods of statistical estimation such as maximum likelihood and
more general M-estimation are versions of empirical risk minimization. The general the-
ory of empirical risk minimization has started with seminal paper of Vapnik and Chervo-
nenkis [94] (see Vapnik [93] for more references) although some important ideas go back
to much earlier work on asymptotic theory of M-estimation. Vapnik and Chervonenkis
were motivated by applications of empirical risk minimization in pattern recognition
and learning theory that required the development of the theory in a much more general

framework than what was common in statistical literature. Their key idea was to relate



the quality of the solution of empirical risk minimization problem to the accuracy of ap-
proximation of the true distribution P by the empirical distribution P, uniformly over
function classes representing losses of decision rules. Because of this, they have studied

general Glivenko-Cantelli problems about convergence of || P, — P||# to 0, where
1Yl == sup [Y'(f)]
fer

for Y : F — R. Vapnik and Chervonenkis introduced a number of important characteris-
tics of complexity of function classes, such as VC-dimensions and random entropies, that
control the accuracy of empirical approximation. These results along with the develop-
ment of classical limit theorems in Banach spaces in the 60s and 70s led to the general
theory of empirical processes that started with the pathbreaking paper by Dudley [41]
on central limit theorems for empirical measures (see Dudley [42], Pollard [81], van der
Vaart and Wellner [95]).

In the 90s, Talagrand studied isoperimetric inequalities for product measures and,
in particular, he proved a striking uniform version of Bernstein inequality describing
concentration of || P, — P||# around its expectation (see Talagrand [86, 87]). This was a
real breakthrough in the theory of empirical processes and empirical risk minimization.
At about the same time a concept of oracle inequalities has been developed in nonpara-
metric statistics (see, e.g., Johnstone [52]). In modern statistics, it is common to deal
with a multitude of possible models that describe the same data (for instance, a family
of models for unknown regression functions of varying complexity). An oracle inequality
is a bound on the risk of a statistical estimator that shows that the performance of the
estimator is almost (often, up to numerical constants) as good as it would be if the
statistician had an access to an oracle that knows what the best model for the target
function is. It happened that concentration inequalities provide rather natural proba-
bilistic tools needed to develop oracle inequalities in a number of statistical problems. In
particular, Birgé and Massart [15], Barron, Birgé and Massart [5], and, more recently,
Massart [73, 74] suggested a general approach to model selection in a variety of statis-
tical problems such as density estimation, regression and classification that is based on
penalized empirical risk minimization. They used Talagrand’s concentration and devia-
tion inequalities in a systematic way to establish a number of oracle inequalities showing
some form of optimality of penalized empirical risk minimization as a model selection

tool.

In the recent years, new important classes of algorithms in machine learning have

been introduced that are based on empirical risk minimization. In particular, large mar-



gin classification algorithms, such as boosting and support vector machines (SVM), can
be viewed as empirical risk minimization over infinite dimensional functional spaces with
special convex loss functions. In an attempt to understand the nature of these classifi-
cation methods and to explain their superb generalization performance, there has been
another round of work on the abstract theory of empirical risk minimization. One of the
main ideas was to use sup-norms or localized sup-norms of the Rademacher processes
indexed by function classes to develop a general approach to measuring the complexities
of these classes (see Koltchinskii [58], Bartlett, Boucheron and Lugosi [8], Koltchinskii
and Panchenko [60], Bousquet, Koltchinskii and Panchenko [23], Bartlett, Bousquet and
Mendelson [7], Lugosi and Wegkamp [70], Bartlett and Mendelson [9]). This resulted in
rather flexible definitions of distribution dependent and data dependent complexities in
an abstract framework as well as more specialized complexities reflecting relevant param-
eters of specific learning machines. Moreover, such complexities have been used as natural
penalties in model selection methods. This approach provided a general explanation of
fast convergence rates in classification and other learning problems, the phenomenon
discovered and studied by several authors, in particular, by Mammen and Tsybakov [72]

and in an influential paper by Tsybakov [91].

1.2 Excess Risk: Distribution Dependent Bounds

Definition 1.1 Let
E(f)=¢&p(f)=Ep(F;f)=Pf — inf Pyg.
This quantity will be called the excess risk of f € F.

Let
[ = fn € Argmingc £ P f

be a solution of the empirical risk minimization problem (1.2). The function fn is used
as an approximation of the solution of the true risk minimization problem (1.1) and its

excess risk Ep(f,) is a natural measure of accuracy of this approximation.

It is of interest to find tight upper bounds on the excess risk of fn that hold with a
high probability. Such bounds usually depend on certain ”geometric” properties of the
function class F and on various measures of its ”complexity” that determine the accuracy
of approximation of the true risk Pf by the empirical risk P, f in a neighborhood of a

proper size of the minimal set of the true risk.



In fact, it is rather easy to describe a general approach to derivation of such bounds
in an abstract framework of empirical risk minimization discussed in these notes. This
approach does give a correct answer in many specific examples. To be precise, define the

o-minimal set of the risk as
F(6) :=Fp(d) ={f: Ep(f) <6}

Suppose, for simplicity, that the infimum of the risk Pf is attained at f € F (the
argument can be easily modified if the infimum is not attained in the class). Denote
§ = Ep(f). Then f, f € .7-"(5) and P, f < P, f. Therefore,

0=Ep(f)=P(f-F)<P.(f= P+ @P-P)(f- ),
which implies

0< sup [(Po—P)(f—g)l.
1,.9€F(9)

Imagine there exists a nonrandom upper bound

Un(6) = sup [(Pn—P)(f —9) (1.3)
f,9€F(9)

that holds uniformly in § with a high probability. Then, with the same probability, the
excess risk Ep( f) will be bounded by the largest solution of the inequality 6 < U,(9).
There are many different ways to construct upper bounds on the sup-norms of empirical
processes. A very general approach is based on Talagrand’s concentration inequalities.
Assume for simplicity that functions in the class F take their values in the interval [0, 1].
Based on the Lo(P)-diameter Dp(F;d) of the é-minimal set F(d) and the function

on(F3;0) :=E sup |[(P.—P)(f—9)
F9€F(9)

define

T (8:) = K<¢n(}"; 5) + D(F; 5)\/%+ %)

Talagrand’s concentration inequality then implies that with some numerical constant
K >0, forallt >0,

P{ sup |(P.—P)(f—g)| > Un(@)} < e
f.9€F(9)

This observation provides an easy way to construct a function U, (¢) such that (1.3) holds

with a high probability uniformly in ¢ (first, by defining such a function at a discrete set

10



of the values of § and then extending it to all the values by monotonicity). By solving
the inequality § < U,(d), one can construct a bound 4, (F) such that the probability
P{Ep(fn) > 6,(F)} is small. Thus, constructing an upper bound on the excess risk
essentially reduces to solving a fixed point equation of the type 6 = U,(d). Such a fixed
point method has been studied, for instance, in Massart [73], Koltchinskii and Panchenko
[60], Bartlett, Bousquet and Mendelson [7], Koltchinskii [59] (and in several other papers

of these authors).

In the case of P-Donsker classes F,
on(F;6) <E|P, — Pllr = O(n_1/2)7

which implies that
0n(F) = O(n™/2).

Moreover, if the diameter D(F;d) of the d-minimal set tends to 0 as 6 — 0 (which is
typically the case if the risk minimization problem (1.1) has a unique solution), then, by
asymptotic equicontinuity, we have

lim lim sup n1/2¢n(]—'; 0) =0,

6—0 n—oo

which allows to conclude that
6n(F) = o(n~Y?).

It happens that the bound 6, (F) is of asymptotically correct order as n — oo in many

specific examples of risk minimization problem in statistics and learning theory.

The bounds of this type are distribution dependent (i.e., they depend on the unknown
distribution P).

1.3 Rademacher Processes and Data Dependent Bounds on Excess
Risk

The next challenge is to construct data dependent upper confidence bounds on the excess
risk Ep( f ) of empirical risk minimizers that depend only on the sample (X1,...,X,),
but do not depend explicitly on the unknown distribution P. Such bounds can be used
in model selection procedures. Their construction usually requires the development of
certain statistical estimates of the quantities involved in the definition of the distribution
dependent bound 6, (F) based on the sample (X1, ..., X,,). Namely, we have to estimate
the expectation of the local sup-norm of the empirical process ¢, (F;d) and the diameter

of the §-minimal set.
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A natural way to estimate the empirical process is to replace it by the Rademacher

process

Ru(f):=n""Y e f(X;), f€F,
j=1

where {;} are i.i.d. Rademacher random variables (i.e., they are symmetric Bernoulli
random variables taking values +1 and —1 with probability 1/2 each) that are also
independent of the data (Xi,...,X,). The process R, (f), f € F depends only on the
data (and on the independent sequence of Rademacher random variables that can be
simulated). For each f € F, R,(f) is essentially the “correlation coefficient” between
the values of the function f at data points and independent Rademacher noise. The
fact that the sup-norm ||R,||# of the Rademacher process is "large” means that there
exists a function f € F that fits the Rademacher noise very well. This usually means
that the class of functions is too complex for the purposes of statistical estimation and
performing empirical risk minimization over such a class is likely to lead to overfitting.
Thus, the size of sup-norms or local sup-norms of the Rademacher process provides
natural data dependent measures of complexity of function classes used in statistical
estimation. Symmetrization inequalities well known in the theory of empirical processes
show that the expected sup-norms of Rademacher processes are within a constant from
the corresponding sup-norms of the empirical process. Moreover, using concentration
inequalities, one can directly relate the sup-norms of these two processes.

The 0-minimal sets (the level sets) of the true risk involved in the construction of
bounds 4, (F) can be estimated by the level sets of the empirical risk. This is based on

ratio type inequalities for the excess risk, i.e., on bounding the following probabilities

IP’{ sup £, (/) — 1‘ > E}.
feF.Ep(f)20

er(f)
This problem is closely related to the study of ratio type empirical processes (see Giné,
Koltchinskii and Wellner [49], Giné and Koltchinskii [50] and references therein). Finally,
the Lo(P)-diameter of the d-minimal sets of P can be estimated by the Lo(P,)-diameter

of the J-minimal sets of P,. Thus, we can estimate all the distribution dependent pa-

rameters involved in the construction of §,(F) by their empirical versions and, as a
result, construct data-dependent upper bounds on the excess risk Ep( f ) that hold with
a guaranteed high probability. The proofs of these facts heavily rely on Talagrand’s

concentration inequalities for empirical processes.
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1.4 Penalized Empirical Risk Minimization and Oracle Inequalities

The data-dependent bounds on the excess risk can be used in general model selection
techniques in abstract empirical risk minimization problems. In such problems, there is
a need to deal with minimizing the risk over a very large class of functions F, and there
is a specified family (”a sieve”) of subclasses {F,, € A} of varying complexity that
are used to approximate functions from F. Often, classes F, correspond to different
statistical models. Instead of one empirical risk minimization problem (1.2) one has to

deal now with a family of problems
P,f — min, f € F,, a€ A, (1.4)

that has a set of solutions { fn,a : a € A}. In many cases, there is a natural way to measure
the quality of the solution of each of the problems (1.4). For instance, it can be based
on distribution dependent upper bounds 6, () = 6,(F.) on the excess risk Ep(Fy; fna)
discussed above. The goal of model selection is to provide a data driven (adaptive) choice
& = &(Xy,...,X,) of model index « such that the empirical risk minimization over the
class F4 results in an estimator f = fmd with the nearly ”optimal” excess risk Ep(F; f ).
One of the most important approaches to model selection is based on penalized empirical

risk minimization, i.e. on solving the following problem
& = argmin, g 4 }Iel%ll P f + mn(a)], (1.5)

where 7, (), € A are properly chosen complexity penalties. Often, 7, («) is designed
as a data dependent upper bound on 6,(a), the "desired accuracy” of empirical risk
minimization for the class F,. This approach has been developed under several differ-
ent names (Vapnik-Chervonenkis structural risk minimization, method of sieves, etc.).
Sometimes, it is convenient to write penalized empirical risk minimization problem in

the following form

[ = argmin;r [Pnf + pen(n; f)} ,

where pen(n;-) is a real valued complexity penalty defined on F. Denoting, for each
a € R,
Fo :={f € F:pen(n; f) =a}

and defining 7, () = «, the problem can be again rewritten as (1.5).

13



The bounds on the excess risk of f = fn,d of the following type (with some constant
c)

Ep(F;fy<cC 1nf inf Ep(f) + 0n(a) (1.6)
A|feFa

that hold with a high probability are often used to express the optimality of model
selection. The meaning of these inequalities can be explained as follows. Imagine that
the minimum of the true risk in the class F is attained in a subclass F, for some
a = «P). If there were an oracle that knew the model index «(P), then with the help
of the oracle one could achieve the excess risk at least as small as 0, (a(P)). The model
selection method for which the inequality (1.6) holds is not using the help of the oracle.
However, it follows from (1.6) that the excess risk of the resulting estimator is upper

bounded by C§,(a(P)) (which is within a constant of the performance of the oracle).

1.5 Concrete Empirical Risk Minimization Problems

Density estimation. The most popular method of statistical estimation, the maximum
likelihood method, can be viewed as a special case of empirical risk minimization. Let
i be a o-finite measure on (5,.4) and let P be a statistical model, i.e., P is a family of
probability densities with respect to p. In particular, P can be a parametric model with
a parameter set ©, P = {p(6,-) : 0 € ©O}. A maximum likelihood estimator of unknown
density p. € P based on i.i.d. observations X1, ..., X, sampled from p, is a solution of

the following empirical risk minimization problem
nt Z( log p(X > — min, p € P. (1.7)

Another popular approach to density estimation is based on the following penalized

empirical risk minimization problem
—= Zp ) + Ipll7, ey — min, p € P. (1.8)

This approach can be explained as follows. The best Lo(u)- approximation of the density
P+ is obtained by solving

P = pell7 0y = —2 / pp+dpi + [|pl1Z, () + Ip<lI7 () — min, p € P.

The integral [ pp.dp = Ep(X) can be estimated by n™! > j=1P(X;), leading to problem
(1.8). Of course, in the case of complex enough models P, there might be a need in

complexity penalization in (1.7) and (1.8).
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Prediction problems. Empirical risk minimization is especially useful in a variety
of prediction problems. In these problems, the data consists of i.i.d. couples (X1,Y7),... (X,,Yy)
in S x T with common distribution P. Assume that 7' C R. Given another couple (X,Y)
sampled from P, the goal is to predict Y based on an observation of X. To formalize
this problem, introduce a loss function £ : T' x R +— Ry. Given g : S — R, denote
(Lo g)(x,y) :==L(y, g(x)), which will be interpreted as a loss suffered as a result of using
g(x) to predict y. Then the risk associated with ”action” g is defined as

P(leg) =ELY, g(X)).
Given a set G of possible actions g, we want to minimize the risk:
P(¢eg) — min, g €g.

The risk can be estimated based on the data (Xi,Y7),...,(X,,Y,), which leads to the

following empirical risk minimization problem
n
Py(teg)=n""> (Y} g(X;)) — min, g €.
j=1

Introducing the notation f := ¢ e g and setting F := {{ e g : g € G}, one can rewrite the
problems in the form (1.1), (1.2).

Regression and classification are two most common examples of prediction problems.
In regression problems, the loss function is usually defined as ¢(y;u) = ¢(y — u), where
¢ is, most often, nonnegative, even and convex function with ¢(0) = 0. The empirical

risk minimization becomes
n
nt Zgb(Y] —g(X;)) — min, g €G.
j=1

The choice ¢(u) = u? is by far the most popular and it means fitting the regression

model using the least square method.

In the case of binary classification problems, T' := {—1,1} and it is natural to
consider a class G of binary functions (classifiers) g : S +— {—1,1} and to use the binary

loss £(y;u) = I(y # u). The risk of a classifier g with respect to the binary loss

P(leg)=P{Y # g(X)}

is just the probability to misclassify and, in learning theory, it is known as the generaliza-

tion error. A binary classifier that minimizes the generalization error over all measurable

15



binary functions is called the Bayes classifier and its generalization error is called the

Bayes risk. The corresponding empirical risk

n

Py(teg)=n""Y I(Y; # g(X;))
j=1
is known as the training error. Minimizing the training error over G
n
nN Y I(Y; # 9(X;)) — min, g€G
j=1

is, usually, a computationally intractable problem (with an exception of very simple
families of classifiers G) since the functional to be minimized lacks convexity, smoothness

or any other form of regularity.

Large margin classification. Large margin classification methods are based on
the idea of considering real valued classifiers g : S +— R instead of binary classifiers and
replacing the binary loss by a convex “surrogate loss”. A real valued classifier g can be
easily transformed into binary: g — sign(g). Define £(y, u) := ¢(yu), where ¢ : R — R,
is a convex nonincreasing function such that ¢(u) > [(_ g (u),u € R. The product
Yg(X) is called the margin of classifier g on the training example (X,Y). If Yg(X) > 0,
(X,Y) is correctly classified by g, otherwise the example is misclassified. Given a convex

set G of classifiers g : S +— R the risk minimization problem becomes
P(leg)=E¢p(Yg(X)) — min, g€G

and its empirical version is

n

Pn(e.g) =n"! Z(ﬁ(Y} (X])) — min, g €0, (19)
j=1

which are convex optimization problems.

It is well known that, under very mild conditions on the “surrogate loss” ¢ (so called

classification calibration,see, e.g., [10]) the solution g, of the problem
P(leg) =E¢(Yg(X)) — min, g: S—R

possesses the property that sign(g.) is the Bayes classifier. Thus, it becomes plausible that
the empirical risk minimization problem (1.9) with a large enough and properly chosen

convex function class G would have a solution § such that the generalization error of

16



the binary classifier sign(g) is close enough to the Bayes risk. Because of the nature of
the loss function (heavy penalization for negative and even small positive margins), the
solution g tends to be a classifier with most of the margins on the training data positive
and large, which explains the name “large margin classifiers”.

Among common choices of the surrogate loss function are ¢(u) = e~ (the expo-
nential loss), ¢(u) = logy(1l + e™*) (the logit loss) and ¢(u) = (1 —wu) V 0 (the hinge
loss).

A possible choice of class G is

N N
G := conv(H) := {Z Ajhy, N > 1,05 > 0,3 Ajhy, by € H},
j=1 j=1
where H is a given base class of classifiers. Usually, H consists of binary classifiers and
it is a rather simple class class such that the direct minimization of the training error
over H is computationally tractable. The problem (1.9) is then solved by a version of
gradient descent algorithm in functional space. This leads to a family of classification
methods called boosting (also, voting methods, ensemble methods, etc). Classifiers output
by boosting are convex combinations of base classifiers and the whole method is often
interpreted in machine learning literature as a way to combine simple base classifiers into
more complex and powerful classifiers with a much better generalization performance.
Another popular approach is based on penalized empirical risk minimization in a
reproducing kernel Hilbert space (RKHS) Hx generated by a symmetric nonnegatively
definite kernel K : S x S — R. For instance, using the square of the norm as a penalty

results in the following problem:
n
nt Y 8(Y;9(X;)) +ellglfy,, — min, g € H, (1.10)
j=1

where & > 0 is a regularization parameter. In the case of hinge loss ¢(u) = (1 —u) V0
the method is called support vector machine (SVM). By the basic properties of RKHS, a
function g € Hx can be represented as g(z) = (g, K (z, -))#, - Because of this, it is very
easy to conclude that the solution § of (1.10) must be in the linear span of functions
K(Xi,-),...,K(Xp,-). Thus, the problem (1.10) is essentially a finite dimensional convex

problem (in the case of hinge loss, it becomes a quadratic programming problem).
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1.6 Sparse Recovery Problems

Let H = {h1,...,hn} be a given set of functions from S into R called a dictionary.
Given A € RV, denote fy = Z;VZI Ajhj. Suppose that a function f, € L.s.(H) is observed

at random points X1, ..., X,, with common distribution II,

being the observations. The goal is to find a representation of f, in the dictionary, i.e.,
to find A € RY such that
HX;) =Y, 5=1,...,n (1.11)

In the case when the functions in the dictionary are not linearly independent, such a
representation does not have to be unique. Moreover, if N > n, the system of linear

equations (1.11) is underdetermined and the set
L= {)\GRN:fA(Xj) :Yj,jzl,...,n}

is a nontrivial affine subspace of R"V. However, even in this case, the following problem
still makes sense: N
Alle =D I(Aj # 0) — min, A € L. (1.12)
j=1
In other words, the goal is to find the sparsest solution of the linear system (1.11).
In general, the sparse recovery problem (1.12) is not computationally tractable since
solving such a nonconvex optimization problem essentially requires searching through
all 2V coordinate subspaces of RY and then solving the corresponding linear systems.

However, the following problem

N
IAlle, = > [Aj] — min, X € L. (1.13)

j=1
is convex, and, moreover, it is a linear programming problem. It happens that for some
dictionaries H and distributions IT of design variables the solution of problem (1.13)
is unique and coincides with the sparsest solution A, of the problem (1.12) (provided
that || A\.]|¢, is sufficiently small). This fact is closely related to some problems in convex

geometry concerning the neighborliness of convex polytopes.

More generally, one can study sparse recovery problems in the case when f, does

not necessarily belong to the linear span of the dictionary H and it is measured at
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random locations X; with some errors. Given i.i.d. sample (X1,Y7),...,(X,,Y,) and a
loss function £, this naturally leads to the study of the following penalized empirical risk

minimization problem

A° = argmin, cgn [ Po(f e fi) + €|’)\H51:| (1.14)

which is an empirical version of the problem

A° = argminycgn |P(C e f)) + z—:||)\||gl], (1.15)

where € > 0 is a regularization parameter. It is assumed that the loss function ¢(y;u)
is convex with respect to u which makes the optimization problems (1.14) and (1.15)
convex. This framework includes sparse recovery in both regression and large margin
classification contexts. In the case of regression with quadratic loss £(y,u) = (y — u)?,
this penalization method has been called LASSO in statistical literature. The sparse
recovery algorithm (1.13) can be viewed as a version of (1.14) with quadratic loss and
with € = 0.

Another popular method of sparse recovery introduced recently by Candes and Tao
[29] and called the Dantzig selector is based on solving the following linear programming
problem

= Argmin)\e[\s 1Al ey,

where

Af = {)\ e RY : max
1<k<N

w1 S (A XG) - Yihe(X))] < a/z}.
j=1

Note that the conditions defining the set A€ are just necessary conditions of extremum

in the LASSO-optimization problem
nt Y (Y = (X)) + el Alle, — min, A € RY,
j=1

so, the Dantzig selector is closely related to LASSO.

We will also study some other types of penalties that can be used in sparse recovery
problems such as ||)\||§p with a suitable value of p > 1 and entropy penalty Zﬁvzl Ajlog A
that can be used for sparse recovery in the convex hull of the dictionary H.

Our goal will be to establish oracle inequalities showing that the methods of this

type allow one to find a sparse approximation of the target function (when it exists).
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2 Empirical and Rademacher Processes

The empirical process is defined as
Zy :=n'?(P, — P)

and it can be viewed as a random measure. However, more often, it has been viewed as

a stochastic process indexed by a function class F :
Zo(f) =0 (Pu = P)(f).f € F

(see Dudley [42] or van der Vaart and Wellner [95]).

The Rademacher process indexed by a class F was defined in Section 1.3 as
Ru(f) :=n""> &if(X), f€F,
i=1

{e;} being i.i.d. Rademacher random variables (i.e., £; takes the values +1 and —1 with
probability 1/2 each) independent of {X;}.

It should be mentioned that certain measurability assumptions are required in the
study of empirical and Rademacher processes. In particular, under these assumptions,
such quantities as || P, — P||5 are properly measurable random variables. We refer to
the books of Dudley [42], Chapter 5 and van der Vaart and Wellner [95], Section 1.7
for precise formulations of these measurability assumptions. Some of the bounds derived
and used below hold even without the assumptions of this nature, if the expectation is
replaced by outer expectation, as it is often done, for instance, in [95]. Another option

is to “define”
E||P, — P|| := sup{EHPn —Pllg: G CF,Gis ﬁnite},

which provides a simple way to get around the measurability difficulties. Such an ap-
proach has been frequently used by Talagrand (see, e.g., [88]). In what follows, it will be

assumed that measurability problems have been resolved in one of these ways.

2.1 Symmetrization Inequalities

The following important inequality reveals close relationships between empirical and

Rademacher processes.
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Theorem 2.1 For any class F of P-integrable functions and for any convex function
D : R+ = R+

1
Z < — <
5231l ) <E0(I7, - Plir) < Bo(2R,1).
where F.:={f — Pf: f € F}. In particular,
1
SElBallz. < E|P, — Pllr < 2E[|Rall7.

Proof. Assume that the random variables X1i,...X,, are defined on a probability
space (Q, 2, P). We will also need two other probability spaces: (Q, 2, P) and (€, 2., P.).
The main probability space on which all the random variables are defined will be denoted
(©,%,P) and it will be the product space

The corresponding expectations will be denoted by E,E,E. and E. Let (f( Tyeo- ,f(n) be
an independent copy of (Xi,...,X,). Think of random variables Xi,....X

defined on (Q, 3, P). Denote P, the empirical measure based on (Xi,...,X,) (it is an
independent copy of P,). Then EP,f = Pf and, using Jensen’s inequality,

n as being

E®(|[P. — Pllr) =E®(|[P. — EPyllr ) = B@(IE(P, — Po)llr) <

3,55 )
j=1 F

Since X1,...,Xn, X1,..., X, are i.i.d., the distribution of (Xl,...,Xn,Xl,...,Xn) is

invariant with respect to all permutations of the components. In particular, one can

fEfE<D<||Pn - ﬁnuf) - EE@(

switch any couple X, X ;. Because of this,

oS- ) =[S -] )

for arbitrary choice of o; = +1 or 0; = —1. Define now ii.d. Rademacher random

EE¢<

variables on (., X, P.) (thus, independent of (X1,...,X,, Xi,... , Xpn)). Then, we have

EE®< -l JZZ:I((;XJ_ _ 5Xj)HF> = EEEINECI>< n_ljzz:lgj(é){j - 5&)HF>
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and the proof can be completed as follows:

£e (|17, - Plr) < Em(

n! ésj(axj - 55(],)") <

n n

_ 1 = _

n 'S o, >+§E€E<I><2 n 'y sjéj(jH >:E<1>(2||Rn||f>.
j=1 7 j=1 7

The proof of the lower bound is similar.

1EEI’E@ <2
2

O

The upper bound is called the symmetrization inequality and the lower bound is
often called the desymmetrization inequality. These inequalities were introduced to the
theory of empirical processes by Giné and Zinn [47] (an earlier form of Rademacher
symmetrization was used by Koltchinskii [57]) and Pollard [80]). The desymmetrization
inequality is often used together with the following elementary lower bound (in the case
of ®(u) =u)

E|| Ryl 7. = El|RnllF — Jsclelgle\ ElR,(1)| 2

super |Pf]

n
> E|R,||F — sup |Pf EY2p~! eil> > E||Rnll£ —
1Bl = sup [PAE 0™ 3 el > |1 B NG

j=1
2.2 Comparison Inequalities for Rademacher Sums

Given a set T" C R™ and i.i.d. Rademacher variables ¢;,7 = 1,2,..., it is of interest to

know how the expected value of the sup-norm of Rademacher sums indexed by T

n
Z tiEi

i=1

R, (T) := Esup
teT

depends on the geometry of the set T.

The following beautiful comparison inequality for Rademacher sums is due to Tala-
grand (see Ledoux and Talagrand [68], Theorem 4.12).

Theorem 2.2 Let T C R™ and let ¢; : R — R, i = 1,...,n be functions such that
©i(0) =0 and
lpi(u) — @i(v)] < |u—v|, u,v €R

(i.e., @; is a contraction). For all convex nondecreasing functions ® : Ry — Ry,

Z pi(ti)e; > <E® (igp) Zti&‘ )

1
E® <— sup
2 ; ;
=1 =1
22
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Proof. First, we prove that for a nondecreasing convex function ® : R — R, and

for an arbitrary A : T — R

i (sup () + ; pit)es| ) < B0 (sup|ae) + ; el ). (2.1)

teT tel

We start with the case n = 1. Then, the bound is equivalent to the following

E® (sup[tl + Ecp(tg)]> <E® (sup[tl + Etg])
teT teT

for an arbitrary set 7' C R? and an arbitrary contraction ¢. One can rewrite it as

: <<1> (suplta + p(t2)]) + @ (sups — <,o<t2>1)> <1 (<1> (suplts + 12]) + & (suplts — 12]) ) |

teT teT teT teT

If now (t1,t2) € T denote a point where sup,cp[t1 + ¢(t2)] is attained and (s1,s2) € T is
a point where sup,cp[t1 — p(t2)] is attained, then it is enough to show that

<I>(t1 + gD(tz)) + <I><51 — @(82)) < <I>(§£[t1 + tz]) + <I><§é1:1'F)[t1 - tz])

(if the suprema are not attained, one can easily modify the argument). Clearly, we have

the following conditions:
t1+@(t2) > s1 4+ p(s2) and t1 — @(t2) < 51— p(s2).

First consider the case when t5 > 0,s5 > 0 and ty > so. In this case, we will prove that

<I><t1 + gp(tg)> + <I>(81 — 90(32)> < <I><t1 + t2> + <I>(81 — 32>, (2.2)
which would imply the bound. Indeed, for

a:=1t1+@(t2),b:=1t1 +to,c:= 51 — s2,d := 81 — p(s2),
we have a < b and ¢ < d since
p(ta) <t2, ©(s2) < s
(by the assumption that ¢ is a contraction and ¢(0) = 0). We also have that
b—a=ty—p(ta) > 52— p(s2) =d -,

because again ¢ is a contraction and to > so. Finally, we have

a=1t+ p(ta) > s1+@(s2) > 81 —s2 =c.
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Since the function ® is nondecreasing and convex, its increment over the interval [a, D]
is larger than its increment over the interval [c,d] ([a, b] is longer than [c,d] and a > ¢),

which is equivalent to (2.2).

Ifty > 0,592 > 0 and sg > t9, it is enough to use the change of notations (¢, s) — (s,1)
and to replace ¢ with —.

The case t3 < 0,2 < 0 can be now handled by using the transformation (¢1,ts) —
(t1,—t2) and changing the function ¢ accordingly.

We have to consider the case t3 > 0,52 < 0 (the only remaining case ty < 0,59 > 0
would again follow by switching the names of ¢ and s and replacing ¢ with —¢). In this

case, we have
(10(752) < tg, _(10(82) < —S9,

which, in view of monotonicity of ®, immediately implies
@(tl + (,D(tg)) + (I)<81 — (,0(82)> < @(tl + t2> + (I)(Sl — 82) .

This completes the proof of (2.1) in the case n = 1.

In the general case, we have

E® <sup [A(t) + Z: ‘Pi(ti)gi]> =Eey, . en_1Be, @ (sup[ )+ Z pi(ti)e; + 6n90(tn)]>

teT tel

The expectation E.  (conditional on e1,...,e,-1) can be bounded using the result in

the case n = 1. This yields (after changing the order of integration)

o g0+ 3 00]) < B g0+ S )

teT teT

The proof of (2.1) can now be completed by an induction argument.

Finally, to prove the inequality of the theorem, it is enough to write

itoe]) e (3| (p o)+ (pomieae) J)

sE((peieon) ) voo( (i) )]

where a4 := a V0. Applying the inequality (2.1) to the function u +— ®(u. ), which is

1
E® <— sup
2 ter

convex and nondecreasing, completes the proof.
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[}

We will frequently use a corollary of the above comparison inequality that provides

upper bounds on the moments of the sup-norm of Rademacher process R,, on the class

poF :={pof:feF}

in terms of the corresponding moments of the sup-norm of R, on F and Lipschitz

constant of function .

Theorem 2.3 Let ¢ : R — R be a contraction satisfying the condition p(0) = 0. For all

convex nondecreasing functions ® : Ry — Ry,

1
58 (1l ) < B0 (IR12)-

In particular,
Bl Bnllpor < 2E[| Ry

The inequality of Theorem 2.3 will be called the contraction inequality for Rademacher

processes.

A simple rescaling of the class F allows one to use the contraction inequality in the

case of an arbitrary function ¢ satisfying the Lipschitz condition

lp(u) — ()] < Llu —v|

on an arbitrary interval (a,b) that contains the ranges of all the functions in F. In this

case, the last bound of Theorem 2.3 takes the form
El[Rnllpor < 2LE[ Rpl|-

This implies, for instance, that

< 4UE sup
feF

E sup
feFr

nY e fA(X) n Y e f(X0) (2.3)
i=1 i=1

provided that the functions in the class F are uniformly bounded by a constant U.

2.3 Concentration Inequalities

A well known, simple and useful concentration inequality for functions

Z=9(X1,...,Xn)
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of independent random variables with values in arbitrary spaces is valid under so called

bounded difference condition on g : there exist constants c¢;,j = 1,...,n such that for all
j=1,...,nand all ¥1,29,...,25,7},...,2Tp
/
g(z1,.. i1, 5, T, -, X)) — 920, - s Tj1y Ty Tt 1y -+ -5 Tn)| < € (2.4)

Theorem 2.4 Bounded difference inequality. Under the condition (2.4),

P{Z_EZ >t < 247
(-EZztfsov g

and

2t
J=1%j

A standard proof of this inequality is based on bounding the exponential moment

Ee*MZ—EZ) ysing the following martingale difference representation

Z-BZ=Y_ [E(Z!Xl, LX) —E(Z|Xy, ... ,Xj_l)] :
7j=1

then using Markov inequality and optimizing the resulting bound with respect to A > 0.
In the case when Z = X1 + --- + X,;, the bounded difference inequality coincides
with Hoeffding inequality for sums of bounded independent random variables.
For a class F of functions uniformly bounded by a constant U, the bounded difference
inequality immediately implies the following bounds for || P,, — P||#, providing a uniform

version of Hoeffding inequality.
Theorem 2.5 For allt > 0,

tU 2
P, — P F > E|P, — P + — < —
]P{” n H = ” n ”f \/ﬁ} — exp{ t /2}

and

tu
_ < _ _ =
p{IP. ~ Plr <EIIP,— Plr ~ 2}

Developing uniform versions of Bernstein’s inequality happened to be a much harder

< exp{—t?/2}.

problem that was solved in famous papers by Talagrand [86, 87] on concentration in-

equalities for product measures and empirical processes.
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Theorem 2.6 Talagrand’s inequality. Let X;,...,X,, be independent random vari-

ables in S. For any class of functions F on S that is uniformly bounded by a constant

U >0 and for allt >0
1t tU
> <K ———1 1+ —
f‘_t}_ exp{ KUOg<+V>}’

P{MZ f(X0)
1=1

where K is a universal constant and V is any number satisfying

f‘EH; f(X5)

V > Esup F2(X;).
fg; (X:)

Using symmetrization inequality and contraction inequality for the square (2.3), it

is easy to show that in the case of i.i.d. random variables X, ..., X,, with distribution
P

Zeif(Xi)

i=1

n
Esupiz(Xi) < nsup Pf?+ 8UE
fer ;.4 feF

. (2.5)
-

The right hand side of this bound is a common choice of the quantity V involved in
Talagrand’s inequality. Moreover, in the case when Ef(X) = 0, the desymmetrization

inequality yields
E

> eif(Xi) > f(X)
i=1 =1

As a result, one can use Talagrand’s inequality with

> F(X)

1=1

<2E
f

f

V =nsup Pf?+ 16UE
fer

and the size of is now controlled it terms of its expectation only.

o1 f(X)
f

This form of Talagrand’s inequality is especially convenient and there have been

considerable efforts to find explicit and sharp values of the constants in such inequalities.
In particular, we will frequently use the bounds proved by Bousquet [22] and Klein [54]
(in fact, Klein and Rio [55] provide an improved version of this inequality). Namely, for
a class F of measurable functions from S into [0,1] (by a simple rescaling [0, 1] can be

replaced by any bounded interval) the following bounds hold for all ¢ > 0 :

Bousquet bound.

t t
217, Pllr 2 EIB, = Pl +/25 (o3(7) + 2818 - Pls) + -} <o
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Klein-Rio bound

t t _
B{ 17, Plir <EIP, — Plr = |22 (37 + 2817, — Plr) - L] <o

Here

oh(F) i= sup (P2 — (Pf)?).

ferx

Concentration inequalities can be also applied to the Rademacher process which
can be viewed as an empirical process based on the sample (Xi,e1),...,(X,,&,) in the
space S x {—1,1} and indexed by the class of functions F := {f : f € F}, where

f(z,u) == f(x)u, (z,u) e S x{-1,1}.

3 Bounding Expected Sup-Norms of Empirical and Rademacher
Processes

In what follows, we will use a number of bounds on expectation of suprema of empir-
ical and Rademacher processes. Because of symmetrization inequalities, the problems
of bounding expected suprema for these two stochastic processes are equivalent. The
bounds are usually based on various complexity measures of function classes (such as
linear dimension, VC-dimension, shattering numbers, uniform covering numbers, ran-
dom covering numbers, bracketing numbers, etc). It would be of interest to develop the
bounds with precise dependence on such geometric parameters as the Lo(P)-diameter of
the class. Combining the bounds on expected suprema with Talagrand’s concentration

inequalities yields exponential inequalities for the tail probabilities of sup-norms.

3.1 Subgaussian Processes

Recall that a random variable Y is called subgaussian with parameter o2, or Y € SG(0?),

iff forall A e R
EeNY < e,\202/2_

Normal random variable with mean 0 and variance o belongs to SG(c?). If € is Rademacher
r.v., then € € SG(1).

The next proposition gives two simple and important properties of subgaussian

random variables (see, e.g., [95], Section 2.2.1 for the proof of property (ii)).
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Proposition 3.1 (i) If Y1,...,Y, are independent random variables and Y; € SG(O’?),
then
Yi+-+Y, € SG(o] + -+ a2).

(i1) For arbitrary Y1,...,Yn, N > 2 such thatY; € SG(O’?—),j =1,...,N,
E Y| < \/log N
25 5 < O max o5 Vi V.
where C is a numerical constant.

Let (T,d) be a pseudo-metric space and Y (t),t € T be a stochastic process. It is
called subgaussian with respect to d iff, for all t,s € T, Y (t) — Y (s) € SG(d?(t, s)).

Denote D(T') = D(T, d) the diameter of the space T. Let N (T, d, ) be the e-covering
number of (7, d), i.e., the minimal number of balls of radius € needed to cover T. Let
M(T,d,e) be the e-packing number of (T,d), i.e., the largest number of points in T

separated from each other by at least a distance of €. Obviously,
N(T,d,e) < M(T,d,e) < N(T,d,e/2), € > 0.

As always,
H(T,d,e) =log N(T,d,¢)

is called the e-entropy of (T, d).

Theorem 3.1 (Dudley’s entropy bounds). If Y (t),t € T is a subgaussian process

with respect to d, then the following bounds hold with some numerical constant C > 0 :

D(T)
EsupY (t) < C/ HY(T,d,)de
teT 0

and for all tg € T

D(T)
Esup |V (£) — Y (to)| < C / HY2(T, d, &) de.
teT 0

The proof is based on the well known chaining method (see, e.g., [68], Section 11.1)
that also leads to more refined generic chaining bounds (see Talagrand [88]). For Gaussian

processes, the following lower bound is also true (see [68], Section 3.3).
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Theorem 3.2 (Sudakov’s entropy bound). If Y (¢t),t € T is a Gaussian process and
d(t,s) == EY?(X(t) — X(s))?, t,s T,
then the following bound holds with some numerical constant C' > 0 :

EsupY (t) > CsupeHY?(T,d,¢).
teT e>0

In addition to Gaussian processes, Rademacher sums provide another important

example of subgaussian processes.

Given T C R", define
n
Y(t) := Zsiti, t=(t1,...,tn) €T,
=1

where {;} are i.i.d. Rademacher random variables. The stochastic process Y (t),t € T
is called the Rademacher sum indexed by T. It is a subgaussian process with respect to

the Euclidean distance in R™ :

d(t,s) = <Zn:(ti - si)2> 1/2.

i=1

The following result by Talagrand is a version of Sudakov’s type lower bound for

Rademacher sums (see [68], Section 4.5).

Denote
n

R(T) .= E, igj]:g

gitil -
1

=

Theorem 3.3 (Talagrand). There ezists a universal constant L such that

R(T) > %5H1/2(T, d, o) (3.1)
whenever
62
R(T)sup [|tlle,, < - (3.2)
teT
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3.2 Finite Classes of Functions

Suppose F is a finite class of measurable functions uniformly bounded by a constant
U > 0. Let N := card(F) > 2. Denote

o? = sup Pf>.
feF

Theorem 3.4 There exist universal constants K1, Ko such that

log N
E|| Rl < K1l —2—.

and
log N log N
Bl < Ko o[ 2EN \ U E
n n
Proof. Conditionally on X1,...,X,, the random variable

\/ﬁRn(f) = % ZEjf(Xj), f eF
j=1

is subgaussian with parameter || f||z,(p,). Therefore, it follows from Proposition 3.1 that

log N
Eel|Rnll 7 < K sup || fl|L,pa)/ :
fer n

The first bound now follows since

sup || fll,p,) < U.
feF
To prove the second bound, denote
F={f*: feF}
and observe that

sup || fllzop) < sup ([ fllzop) + V1P — Pllzz,
fer feF

which implies

Esup [|fllz,p,) < 0+ VE|P, — Pz
feF

Using symmetrization and contraction inequalities, we get

E|[P, — Pllg2 < 2E|[ Ry |72 < 8UE| Ry 7.
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Hence,

log N log N
IR < KEsup |y 5 < K o+ VURTRT ) /255
€

The result now follows by bounding the solution with respect to E||R, ||+ of the above
inequality.
o

The result can be also deduced from the following theorem (it is enough to take
g =log N).

Theorem 3.5 There exists a universal constants K such that for all ¢ > 2

EV9| R, < BV Rall} ) = EY Y IRA(f)) <

feF
(¢ —DYENYa (g — )N/

Proof. We will need the following simple property of Rademacher sums: for all
q =2,

n 1/2
El/q Z 04252 q - 1)1/2 <Z 0%2)
i=1
see, e.g., de la Pena and Glne 32 . 21). Using this inequality, we get
(see, e.g., : g quality, we g
Ec||Ral% < D EelRu(H)I* < (g = D7*n™ 2 Y |IFI%, p
feF feF

q/2

a/2
(¢ — 1)4/2n_q/2N<sup Pnf2> <(q— 1)q/2n_q/2N<02 + || P — P||_7_‘2>
feFr

This easily implies

BV Ry % < EYTY | Ra(£)]7 <
feF

(q . 1)1/2 1/2N1/q21/2 1/q <O’—|—El/q”P PHQ/2> (33)

It remains to use symmetrization and contraction inequalities to get

El/qHPn _ P||f1f/22 < 2U1/2E1/q||Rn||qf/2 < 2u\/2 /El/qHRanP

to substitute this bound into (3.3) and to solve the resulting inequality for E'/ Y| R %

to complete the proof.
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3.3 Shattering Numbers and VC-classes of sets

Let C be a class of subsets of S. Given a finite set F' C S, denote
AC(F) := card{C N F},
where
cnri={cnF:cec}.
Clearly,
AC(F) < 2card(F)‘
If AC(F) = 2¢414(F) it is said that F is shattered by C. The numbers AC(F) are called
the shattering numbers of the class C.
Define
m€(n) := sup{AC(F) :F C S card(F) < n}
Clearly,
mf(n) <2, n=1,2,...
and if, for some n, m€(n) < 27, then m€(k) < 2* for all k& > n.
Let
V(C) := min{n > 1: m(n) < 2"}.

If m€(n) = 2" for all n > 1, set V(C) = oo. The number V(C) is called the Vapnik-
Chervonenkis dimension (or the VC-dimension) of class C. If V(C) < o0, then C is
called the Vapnik-Chervonenkis class (or VC-class). It means that no set F' of cardinality

n > V/(C) is shattered by C.
n\ (MY (™
<k)  \0 k)

Denote

The following lemma (proved independently in somewhat different forms by Sauer,
Shelah, and also by Vapnik and Chervonenkis) is one of the main combinatorial facts
related to VC-classes.

Theorem 3.6 (Sauer’s Lemma). Let F' C S, card(F) = n. If

AC(F "
= ().
then there exists a subset F' C F, card(F") = k such that F' is shattered by C.
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The Sauer’s Lemma immediately implies that, for a VC-class C,

m€(n) < <§ V(Z) _1>,

V(C)—1
which can be further bounded by (#) .

We will view P and P, as functions defined on a class C of measurable sets C +—
P(C),C — P,(C) and the Rademacher process will be also indexed by sets:

R,(C):=n""! En: gilc(X;).
j=1

For Y : C — R, we still write ||Y||¢ := supgee |Y(C)].
Denote F :={Io: C € C}.

Theorem 3.7 There exists a numerical constant K > 0 such that

log AC(X1,...,X,) <K\/ElogAC(X1,...,Xn)

BIP - Pl < KBy
n

n

The drawback of this result is that it does not take into account the ”size” of the
sets in class C. A better bound is possible in the case when, for all C' € C, P(C) is small.
We will derive such an inequality in which the size of E| P, — P||¢ is controlled in terms

of random shattering numbers A®(X7,..., X,) and of
IPllc = sup P(C)
ceC
(and which implies the inequality of Theorem 3.7).

Theorem 3.8 There exists a numerical constant K > 0 such that

C C
log AC(Xq,...,X,) \/KElogA (X1,...,Xp)

n n

ma—mwgme%J <

12 [Elog A€(Xy,...,X,) Elog A(Xy,...,X,)
JWMJJ - VK - -

Proof. Let
T := {(IC(Xl),...,IC(Xn)) :C e C}.

Clearly,
card(T) = AS(Xy,..., X»)
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and

E.||Rn|lc = Ecsup
teT

n
n~t E gitil-
=1

For all t € T, n= '3 | &;t; is a subgaussian random variable with parameter n=1||¢[|, .

Therefore, by Proposition 3.1,

E. sup|n 126@ < Kn~ suthHb\/logAC (X1,...,Xn).
teT
Note that
n- Sup||t||g2 =n 1/2(Sup Pn(C’))l/z.
teT CceC
Hence,

E-|Ralle < Kn~ B[Py 4/ log AC(X1,.... X,) <

En ' E\/B, — Pl + [Plley/log AC(X, ..., X,) <

Kn™PE/[P, — Plleylog AC(X1,.... X,) + Kn™ V2 /[[P[cEylog AC(X,,. .., X,y).

By symmetrization inequality,
E|P, — Plle < 2Kv2n~ 2B/, — Pliey/log AC(X 1., X))+
2KVon 2 /[PIcEy /log AC(X,, .., X,) <
2Kn—1/2m\/ﬂzlog AC(Xy, ..., X))+
2K /TPcEylog AC(X1,..., X,),

where we also used Cauchy-Schwarz inequality. It remains to solve the resulting inequality

with respect to E|| P, — P||¢ (or just to upper bound its solution) to get the result.

In the case of VC-classes,
log AC(X1,...,X,) <logm®(n) < KV(C)logn

with some numerical constant K > 0. Thus, Theorem 3.8 yields the bound
1/2 log n log n
BIP, - Ple < & (1P| HELED \ KERER ),
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However, this bound is not sharp: the logarithmic factor involved in it can be eliminated.
To this end, the following bound on the covering numbers of a VC-class C is needed. For

an arbitrary probability measure @ on (5, .A), define the distance
dQ(Cl,Cg) = Q(01ACQ), Cl,CQ eC.

Theorem 3.9 There exists a universal constant K > 0 such that for any VC-class
C C A and for all probability measures Q on (S,.A)

1\ V©)-1
N(Cdgie) < KVQYO (1) e o)

This result is due to Haussler and it is an improvement of an earlier bound by Dudley

(the proof and precise references can be found, e.g., in van der Vaart and Wellner [95]).

By Theorem 3.9, we get

1\ V@)-1
N(C;dpn;@gKWC)(zle)”“(;) , £€(0,1).

Using this fact one can prove the following inequality:

C)log Pl
1P, - Ple < K (IPI? log ) Shvs ””)

We are not giving its proof here. However, in the next section, we establish more general

results for VC-type classes of functions (see (3.13)) that do imply the above bound.

3.4 Upper Entropy Bounds

Let N(F; La(P,);¢e) denote the minimal number of Lo (FP,)-balls of radius € covering F.
Denote
2. 2
o, = sup P, f~.
ferx

Theorem 3.10 The following bound holds with a numerical constant C > 0 :

C 21/20.n
EllRlx < =E | log N(F: La(Py); €)de.
v Jo v
Proof. Conditionally on X1, ..., X,, the process

ViR (f IZsjf L feF
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is subgaussian with respect to the distance of the space Lo(P,). Hence, it follows from
Theorem 3.1 that

21/20.n
Ee||Ry|l7 < Cn—1/2/ Vlog N(F; La(P,); €)de. (3.4)
0

Taking expectation of both sides, yields the result.
O

Following Giné and Koltchinskii [50], we will derive from Theorem 3.10 several
bounds under more special conditions on the random entropy. Assume that the functions
in F are uniformly bounded by a constant U > 0 and let F' < U denote a measurable

envelope of F, i.e.

|[f(z)] < F(z),z €S, feF.

We will assume that o2 is a number such that

sup Pf? <o < HFHL2
feF

Most often, we will use

o? = sup Pf>2.
fer

Let H : [0,00) +— [0,00) be a regularly varying function of exponent 0 < o < 2,
strictly increasing for u > 1/2 and such that H(u) = 0 for 0 < u < 1/2.

Theorem 3.11 If, for alle > 0,n > 1 and w € Q,
F
log N(F, La(Py),€) < H (””L%> , (3.5)

then there exists a constant C > 0, that depends only on H, such that

2 F 2||F
In particular, if, for some C1 > 0,

2||F
no’ > C1U2H< H HLz(P)) 7
(o

ElRn|r <C|—=

then

2”F”L2
EllRullr < f\/ (T )

with a constant C > 0 that depends only on H and C1.

37



Proof. Without loss of generality, assume that U = 1 (otherwise the result follows
by a simple rescaling of the class F). Given function H, we will use constants Cg > 0,
Dy >0, Ag > 0 for which

fvoou_2\/H(u)du .,
312111) P NI \/1§C’H, /1 u “H(u) du < Dy

sup logDHv/(élg}'H\/H(v)) \/1 < Ay

v>2 v

The bound of Theorem 3.10 implies that with some numerical constant C' > 0 (the value

of C' might change from place to place)

21/20.n
E|[Rnlr < C’n_l/zE/ 108 N(F, Lo (Py), €)de
0

< ol20p~1/2E /Jn \/H <7||F||L2(P”)>da
< i :

In 2||F
< 21/20n_1/2E/ \/H < H ‘LLz(P)->d5 I<||F||L2(Pn) < 2HFHL2(P)> +
0

on F
2/20n~% | \/H ()t (1l > 21 l). 59
0

It is very easy to bound the second term in the sum. First note that

7 [ (1Pl 1
/ \/ H<%>des 1Plliagey [ VA0 < DalPlisce,

Then use Hélder’s inequality and Bernstein’s inequality to get

- In 1 Lo P
| \/H<%>dd(HFHL2(pn)>2HFHL2(P)) <

Dy

_ 9
D™ 2|l o { ~ gl I, b < 22, (39)

Bounding the first term is slightly more complicated. Recall the notation
Fr={f*: ferF}
Using symmetrization and contraction inequalities, we get
Eo? < 02 +E|P, — P|| g2 < 0%+ 2E||Ry| 2 < 0% 4 8E||R,||7 =: B2 (3.10)
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Since, for nonincreasing h, the function

- /0 "yt

is concave, we have, by the properties of H, that

e [ [ (2P
n 1/21@/0 \/H (%”)da I(IF N Ly(pay < 20F o) <

onN\2||F
n‘l/ZE/ 1Fla ) \/H <2HFHL2(P)>dE
0 9
52)1/2
<12 /(E n)EA2E gy \/H <2||F||L2(P)>d€
0 9
< nl2 /BM”F”L?(P) \/H <2HF”L2(P)>d€
0 £

2|1 F'l 1y Py
< Cyn~V2B,[H <—2> 3.11
BA2FlLm (3:11)

Taking into account that

sup Pf* < o0® < HFH%Q(P)a
feF

we deduce from inequality (3.11)

) on IF || Lo,
wog | \/ 1 (S et (1) < 20F )

2\|\F
< Con Vg \/H< [ ump))
g

. 2/|F || L) 2| F'l Ly P
o 1Rall7 —= )\ SEIRullr A2 Fllacr)

We will use the last bound together with inequalities (3.8) and (3.9). Denote

E :=E|R,||F.

Then, we have either
E < CDHTl_l,
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or

HQ2|F
B< ey ClIFl o))
Vn o

s o (2450) A (g ).

To complete the proof, it is enough to solve the resulting inequalities for F, using the

or

following simple fact: if
U(v):=v/H(1/vv), 0 <v <1,
then
U u) <uw(H(A/Vu) V1), 0<u<1/H(1).

O

The next bounds follow from Theorem 3.11 with 02 := sup;cz P f?. If for some
A>0,V >0 and for all ¢ > 0,

AHF”LQ(Pn))V (3.12)

€

N(F; La(Py):<) < <

then with some universal constant C' > 0 (for 02 > const n~1)

A|F A|F
Bl < Oy Loflog 20\ W pog AL ] (a1

If for some A > 0,p € (0,1) and for all £ > 0,

A||F 2p
log N (F; La(Py);e) < (%) , (3.14)
then
AT, A2/ (1)) | 22D 1 (1=p) /(1)
v Hem) 1—p L2(P)
E|R.|F < C N \ ) ] (3.15)

The inequalities of this type can be found in Talagrand [85], Einmahl and Mason
[43], Giné and Guillou [48], Mendelson [76], Giné, Koltchinskii and Wellner [49]. Theorem
3.11 is given in Giné and Koltchinskii [50] (in a slightly more precise form).

A function class F is called VC-subgraph iff
{te:0< @ 20U @02 1@ 21 p e 7}
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is a VC-class. For a VC-subgraph class F the following bound holds with some constants
A,V >0 and for all probability measures @ on (S,.A) :

A|F 4
N(F; L2(Q);e) < (M) ,e>0 (3.16)
(see, e.g., van der Vaart and Wellner [95], Theorem 2.6.7). Of course, this uniform cov-

ering numbers condition does imply (3.12) and, as a consequence, (3.13).
We will call the function classes satisfying (3.12) VC-type classes.

If H is VC-type, then its convex hull conv(H) satisfies (3.14) with p := VLJFZ (see van

der Vaart and Wellner [95], Theorem 2.6.9). More precisely, the following result holds.

Theorem 3.12 Let H be a class of measurable functions on (S, A) with a measurable
envelope F' and let Q be a probability measure on (S,.A). Suppose that F € Ls(Q) and

AllF| 1y

\%
D) <Pl

N La(@e) <
Then

BIF 2V/(V+2)
M) € <|Fl Ly

log N(conv(H); L2(Q);e) < < -

for some constant B that depends on A and V.

So, one can use the bound (3.15) for F C conv(H). Note that in this bound the
envelope F' of the class H itself should be used rather than an envelope of a subset F of
its convex hull (which might be smaller than F).

A number of other bounds on expected suprema of empirical and Rademacher pro-

cesses (in particular, in terms of so called bracketing numbers) can be found in van der
Vaart and Wellner [95], Dudley [42].

3.5 Lower Entropy Bounds

In this section, lower bounds on E|| R, || expressed in terms of entropy of the class F
will be proved. Again, we follow the paper by Giné and Koltchinskii [50]. Assume, for
simplicity, that the functions in F are uniformly bounded by 1. In what follows, the
function H satisfies the conditions of Theorem 3.11. Denote o = sup rer Pf 2,

Under the notations of Section 3.4, we introduce the following condition: with some

constant ¢ > 0

g

log N(F, Ly(P),0/2) > cH (mﬂ) . (3.17)
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Theorem 3.13 Let F satisfy condition (3.5). There exist a universal constant B > 0
and a constant C1 that depends only on H such that

E|R,| 5 > B%wogw, Ly(P),0/2) (3.18)

provided that

(3.19)

6| F
no? > CLU%H <m> '
g

Moreover, if in addition (3.17) holds, then, for some constants Cy depending only on c
and C3 depending only on H, and for all n for which condition (3.19) holds,

o ”F”LQ(P) o 2”F”L2(P)
—|H| ————— | <E|R,||lr L C3—=4/H| ———= ). 2

Proof. Without loss of generality, we can assume that U = 1. The general case

would follow by a simple rescaling. First note that, under the assumptions of the theorem,

inequality (3.7) holds, so, we have with some constant C' depending only on H

2||F
E|[R,|lr < C-2\[H 2 Flzo(p) .
Vn o
This already proves the right hand side of inequality (3.20).
It follows from Theorem 3.3 that

1 o
E.|| R, > ———/log N(F,Lo(P,),0 , 21
as Soon as
i 3.22
< —. .
EaHRn”}' 64T ( )

To use this result, we will derive a lower bound on the right hand side of (3.21) and an
upper bound on the left hand side of (3.22) that hold with a high probability. Let us
bound first the right hand side of (3.21).
Let
M := M(F, Ly(P),0/2)
(recall that M (F, Lo(P),0/2) denotes the o/2-packing number of the class F C Ly(P)).
We apply the law of large numbers to M functions in a maximal o/2-separated subset

of F and also to the envelope F. It implies that, for all £ > 0, there exists n and w such
that

M(f7 L2(P)70/2) < M(f7 L2(Pn(w))7 (1 - 5)0/2) < N(f7 L2(Pn(w))7 (1 - 5)0/4)
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and
[F | Lo Py < (L +)IF Ly (p)-
Take € = 1/5. Then, by (3.5),
6| F
M(F, Ly(P),0/2) < exp{H<w> } (3.23)
Let f1,..., far be a maximal subset of F such that
P(fi— f))? > 0% /4 forall 1 <i#j< M.

In addition, we have
P(fi— f))* <4P(fi — f;)? < 160°.

Bernstein’s inequality implies that

IP’{ max (nP(fi — i) - Zn:(fl - fj)z(Xk)> > %t + v32tna2} < M?et,

1<i#j<M et
Let t = dno?. Since P(f; — f;)* > 0?/4 and (3.23) holds, we get

mi un
1<i#i<M n
<i#j< 1

3| F
< exp{2H<m> — 5n02}.
o

For § = 1/(32 - 8%), this yields

2 6|1 F| no?
. 2 o Lo (P)
P{lsg’iﬁMP"(f’ fif" < 16} = eXp{H< o > 32- 83} (3.24)

]P’{ in 1f:(fi—fj)%xk)ga2(1/4—85/3—x/3%)}

Denote
By = {M(]-', Ly(Py),0/4) > M}.

On this event,
N(F,Ly(Pp),0/8) > M(F,Ls(Py,),0/4) > M = M(F,Lay(P),0/2) > N(F,Ls(P),0/2)

and

611l o (P no?
P(Ey) >1— exp{H( > > BETIE } (3.25)
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Using symmetrization and contraction inequalities and conditions (3.19), we have

2/|Fl Lo Py

. >§602 (3.26)

o
E|P, — Pllys < 2E|| Ryllze < 8E||Rallr < 0%¢ i

(with a proper choice of constant C7 in (3.19)). Next, Bousquet’s version of Talagrand’s

inequality yields the bound

/26t t _
P{Hpn—P||]:226O'2+O' 7+%}§€t

We take t = 26nc2. Then
P{||P, — P|| 2 > 410} < exp{—26no?}.

Denote

E, = {0’,% =sup P, f? < 4202}. (3.27)
ferF
Then
P(Fs) > 1 — exp{—26ns>}. (3.28)

Also, by Bernstein’s inequality, the event

Ez = {lIFll Loy < 201F | Lop)} (3.29)

has probability
9
() 2 1 exp { ~ S0l Pl |- (3.30)

On the event Fy N Es, (3.4) and (3.19) yields that with some constant C' depending only

on H (C might change its value from place to place):

c [V2on 1E 1 2y ()
E " < H( ——="
e < | ¢ (Fret e
SQ/\/S_&T = 2”F”L2(P) d€§£/20 u 2HFHL2(P) de
v Jo € v Jo €

o I EM 2, p) o?
<L .
= C\/ﬁ\/H< o > < 4L (3:31)

(again, with a proper choice of constant C; in (3.19)). It follows from (3.21)-(3.31) that

g

1
E|R,| 7 > I \/ﬁ\/log N(F, Ly(P),0/2)P(E; N Ey N E3) (3.32)
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and that
]P(El NEyN Eg) >

6| F 2
1— exp{H( | ‘LLZ(P)> - 3721(-}—83} — exp{—26n0?} — exp{—9no?/4}.

This last probability is larger than 1/2 by condition (3.19) with a proper value of Cj.
Thus, (3.32) implies inequality (3.18). The left hand side of inequality (3.20) now follows
from (3.18) and (3.17), completing the proof.

3.6 Function Classes in Hilbert Spaces

Suppose that L is a finite dimensional subspace of Lo(P) with dim(L) = d. Denote

1
Yr(r) == 7a feL,u;ﬁli(p)g |f(@)].

We will use the following L,-version of Hoffmann-Jgrgensen inequality: for all inde-
pendent mean zero random variables Y;, j = 1,...,n with values in a Banach space B
and with E[|Y}||P < +oo for some p > 1,

n
>y,
j=1

where K, is a constant depending only on p (see Ledoux and Talagrand [68], Theorem
6.20).

El/P

p
<K, (E

;;;)9‘|4_Eﬂ/p<f§52;H12H)p>, (3.33)

Proposition 3.2 Let

F={feL:|fllL,p <R}
Then

mmwféwﬂmwézRJ%

Moreover, there exists a universal constant K such that whenever

n
E (X)) € —5
205, ) = g

1 d
E||R.||Fr > = —.
ENISES N
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Proof. Let ¢1,..., ¢4 be an orthonormal basis of L. Then

Falr= s (R0l = (Z%)‘j e} =

FeL |\ fllLypy <R

d
sup{
j=1

Ik ]zzjloﬁ <mf- R(fj Re))

Therefore,

d
E||Rn|% = R*> ER2(¢)),

=1
and the first statement follows since
P¢? 1
2 .
ERZ(¢;) = —n’ — j=1..,n

The proof of the second statement follows from the first statement and inequality (3.33),
which immediately yields

d_ 1 2 \/E L 1/2
> < Z -

and the result follows with K = 2K5.
O

Let K be a symmetric nonnegatively definite square integrable kernel on S x S and
let Hx be the corresponding reproducing kernel Hilbert space (RKHS), i.e., Hx is the
completion of the linear span of functions {K(x,-) : € S} with respect to the following

inner product:

<Z azK(:Elv)vZﬁ]K(ylv > Zalﬁj :EZ’y]
i J

Let
Fi={feHrg : |Iflx <1and ||f|1,p) <7}

Let A denote the linear integral operator from Lo(P) into Lo(P) with kernel K,

A /K:cy )P(dy),

and let {\;} denote its eigenvalues arranged in decreasing order and {¢;} denote the

corresponding Ly (P)-orthonormal eigenfunctions.

The following result is due to Mendelson [77].
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Proposition 3.3 There exist universal constants C1,Cy > 0 such that

00 1/2 ) 1/2
Ch <n_1 Z()\j /\7’2)> <EY2||R,||% < Cy <n_12()\j /\7‘2)> .
j=1

j=1
In addition, there exists a universal constant C such that
o0

K
E||R, ||,7—‘>—< 1ZA /\7‘) _ V/SUPses Kz, 2)

n

Proof. By the well known properties of RKHS,
= {chqﬁk cc=(c1,09,...) €& ﬂgg},
k=1

where

N Ck N Cx
51._{c.;)\—k§1} andé'g.—{c.zﬁgl}.

k=1
In other words, the set & is the ellipsoid in ¢ (with the center at the origin) with
"half-axes” /A and & is the ellipsoid with "half-axes” r (a ball of radius ). Let

{ Z)\k/\r2_ }

denote the ellipsoid with ”half-axes” /A A r. A straightforward argument shows that
EC&NECV2E.

Hence,

sup
ce€

k=1

< ||Ru|l# < V2sup
ce€

k=1

Also, we have

[e'e} 2 [ee]
sl (S| =S g (VA ) ten| = 3 (et o)
Hence, )
ESUP (Z Ck¢k> = Z(/\k A 7”2) ER? (¢x)-
=1 -
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Since Pg7 =1, ER2(¢r) = +, so, we get

Ry, <kz::1 Ck¢k>

E sup
cel

[o¢]
= 12 )\k/\T
k=1

and the first bound follows.

The proof of the second bound is based on the observation that

;gglf(wﬂ < 222}(($’$)
and on the same application of Hoffmann-Jgrgensen inequality as in the previous propo-
sition.
O
A similar result with the identical proof holds for data-dependent Rademacher com-
plexity E. || R, || . In this case, let {)\Z(-n)} be the eigenvalues (arranged in decreasing order)
of the random matrix <n‘1K (Xi, X ])> ' (equivalently, of the integral operator from

ij=1
Lo(P,) into Lo(P,) with kernel K).

Proposition 3.4 There exist universal constants C1,Co > 0 such that

n

n 1/2 1/2
Cq <n_1 Z()\gn) A 7’2)> <EY?||R,||% < Cy <n_1 Z(Ag-") A 7’2)> .

j=1 j=1
In addition, there exists a universal constant C such that

(n) 1/2 sup,.q K(z,x
Ee|Rullr 2 5 < 12 > Vs K(w,2)

n

4 Excess Risk Bounds

In this section, we develop distribution dependent and data dependent upper bounds on

the excess risk Ep(f,) of an empirical risk minimizer

fn = argminge x Py f.
We will assume that such a minimizer exists (a simple modification of the results is
possible if fn is an approximate solution of (1.2)). Our approach to this problem has
been already outlined in the Introduction and it is closely related to the recent work of
Massart [73], Koltchinskii and Panchenko [60], Bartlett, Bousquet and Mendelson [7],
Bousquet, Koltchinskii and Panchenko [23], Koltchinskii [59], Bartlett and Mendelson

[9]-
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4.1 Distribution Dependent Bounds and Ratio Bounds for Excess Risk

To simplify the matter, assume that the functions in F take their values in [0, 1]. Recall
that the set
Fp(6) = {f € F:&p(f) < 5}

is called the d-minimal set of the risk P. In particular, Fp(0) is its minimal set.

Define pp : Lo(P) x Lo(P) +— [0,+00) such that

pp(f,9) = P(f —g)> = (P(f — 9))% f.g € La(P).

Usually, pp is also a (pseudo)metric, such as

pp(f.9) = P(f — ) or pp(f.9) = P(f — 9)*> — (P(f — 9))*.

Under the notations of the Introduction,

D(6) := Dp(F;0) :== sup pp(f,9)
f,9€F(6)

is the pp-diameter of the J-minimal set. Also, denote
F'(6) = {f —g9:f.9¢€ f(5)}

and
Pn(0) 1= ¢n(F; P;6) = E| P, — PH]—"(&)-

Let {0;};>0 be a decreasing sequence of positive numbers with dy = 1 and let {t;};>0

be a sequence of positive numbers. For ¢ € (;41,9;], define

Un(0) = (05 + \/Q% (D2(5)) + 200(65)) + 2 (4.1)
Finally, denote
On(F; P) :=sup{d € (0,1] : 6 < U,(0)}.

It is easy to check that
on(F,P) < Up(6n(F, P)).

Obviously, the definitions of U,, and 0, (F, P) depend on the choice of {0;} and {¢;}.

We start with the following simple inequality that provides a distribution dependent
upper bound on the excess risk Ep(fy).
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Theorem 4.1 For all § > 6,(F; P),

P{E(fn) >0} < D e

5,>6

Proof. It is enough to assume that § > 0, (F; P) (otherwise, the result follows by
continuity). Denote 0 := E(f,). If 6 > 6 > & > 0 and g € F(e), we have

0= an—;££_P9 < P(fn—9)+5 < Pn(fn—9)+(P_Pn)(f—9)+5 < HPn—P||}-/(3)+5'

By letting & — 0, this gives 6 < ||P, — PH]:/(S)- Denote

Bus = { 1P = Plivs) < Un(6) .
It follows from Bousquet’s version of Talagrand’s inequality that P(E, ;) > 1—e~%. Let

E,:= () Eny-
6;>6

Then
P(E,) 21— ) e’

§;>6
On the event E,, for all o > 9, ||P, — P||#/ (o) < Un(c), which holds by the definition
of Uy (0) and monotonicity of the function § — ||P, — P|#/(5). Thus, on the event {6 >
5} () En, we have

8 < ||Pn - PH]:/(S) < Un(5)7

which implies that § < § < 6, (F; P), contradicting the assumption that & > 8, (F; P).
Therefore, we must have {6 > 6} C E¢, and the result follows.

[}

We now turn to uniform bounds on the ratios of the excess empirical risk of a

function f € F to its true excess risk. The excess empirical risk is defined as
Enlf) = Ep.(f).
Given ¢ : Ry — Ry, denote

wb(5) = sup M

o>5 O
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and
Y(e) == inf{(5 >0:4°(8) < E}.
These transformations will be called the b-transform and the #-transform of 1), respec-
tively.
It happens that, with a high probability, the quantity

fefs,g(f)ch E(f)

can be bounded from above by the function § — V,,(8) := U2 (6).

Theorem 4.2 For all § > §,(F; P),

én(f)_ e—tj
50 1‘>Vn(5)}§5§5 .

]P’{ sup
fEFE(f)=0

Proof. Consider the event F,, defined in the proof of Theorem 4.1. For this event

P(E,) >1—Y e,

8;>0
so, it is enough to prove that the inequality
s (5] <10
rere(p)zsl E(f)

holds on the event F,. To this end, note that on this event, by the proof of Theorem 4.1,
fn € F(8). For all f € F such that o := £(f) > 6, for arbitrary € € (0,6) and g € F(e),
the following bounds hold:

UZg(f)SPf_Pg“‘eSPnf_Png+(P_Pn)(f_g)+€§

En(f) + |1Pn = Pllpo) + € < Ea(f) + Un(0) + € < Ea(f) + Va(0)o + e,

which means that on the event F,, the condition £(f) > ¢ implies that
Enlh) = (1= Val®)E(P):
Similarly, on the E,,, the condition o := £(f) > § implies that
Enlf) = Puf = Pufa S Pf—Pfu+(Pa=P)(f = fa) <

o1



< E(f) +Unlo) S E) + Va(O)o = (14 Vald))ECS),
and the result follows.
O

A convenient choice of sequence {;} is 0; := g7, 7 > 0 with some fixed ¢ > 1.
Ift; =t >0, j >0, the corresponding functions U, (d) and V;,(§) will be denoted by
U,(0;t) and V,,(0;t), and d,(F; P) will be denoted by 6, (t).

The following corollary is obvious.

Corollary 4.1 For allt > 0 and for all § > 6,(t),
PE(f) > 6) < (mgqg)e-t
gn(f) ‘ } ( q —t
P sup — 1 >V (6;t) p < [log, = |e".
{fe]-',é‘(f)>6 E(f) 45

It follows from the definition of &,(t) that &,(t) > L. Because of this, the proba-
bilities in Corollary 4.1 can be bounded from above by log, % exp{—t} (which depends

and

neither on the class F, nor on P). Most often, the logarithmic factor in front of the expo-
nent does not create a problem: in typical applications d,,(t) is upper bounded by §,, + %,
where 4, is larger than logl%. Adding loglogn to t is enough to eliminate the impact
of the logarithm. However, if 6, = O(n™!), the presence of the logarithmic factor would
result in a suboptimal bound. To tackle this difficulty, we will use a slightly different
choice of {4}, {t;}.

For ¢ > 1 and t > 0, denote

Vi(o) =2 [@52(0) +/ (D2)b(0)\/%+ nt—a} g > 0.

ol = ol (F; P) :=inf{o: V(o) < 1}.

Let

Theorem 4.3 For allt >0
P{E(fn) > ol} < Cge™

and for all o > o,

Enlf)
£(f)

]P’{ sup - 1‘ > V,f(a)} < Cype,
feF.E(f)zo
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where
q

C,: = ——Ve.
q q— 1
Proof. Let 0 > of. Take §; = ¢77,j > 0 and ¢t; := t% for some t > 0,0 > 0.
The function U,(d), the quantity d,(F, P), etc, now correspond to this choice of the

sequences {0;}, {t;}. Then, it is easy to verify that for all § > o

) o 28 gy 200, [, 0]
0 5;>0  0j 5;>0 +/0; \| nod;  nod;

<l e SR+ ] -
2q [@b';(a) + \/m\/g + %} =V, (0). (4.2)

Since o > ¢!, and the function V! is strictly decreasing, we have V;!(c) < 1 and, for all
§>at,
Un(6) < Vi(o)s < 6.

Therefore, ol, > &, (F; P). It follows from Theorem 4.1 that

P{E(fn) 20} < > el

0j>0

The right hand side can be now bounded as follows:

Z el = Z exp{—t%} < Ze‘tqj =

6j20 bj=0 Jj=0
et L Zq‘je_t‘ﬂ (¢ —¢dH<et+ — e dy =
-1 q—1,1
1 1
ettt — Zet< 1 et t>1. (4.3)

qg—1 t “q—1
This implies the first bound for ¢ > 1 and it is trivial for ¢ < 1 because of the definition
of constant C.

To prove the second bound use Theorem 4.2 and note that, by (4.2), V,,(¢) < V(o).
The result follows from Theorem 4.2 and (4.3).

O

The result of Lemma 4.1 below is due to Massart [73, 74] (we formulate it in a

slightly different form). Suppose that F is a class of measurable functions from S into
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[0,1] and f, : S — [0, 1] is a measurable function such that with some numerical constant
D>0

D(Pf = Pf.) = pp(f. fo) = P(f = f2)* = (P(f = f))°, (4.4)
where pp is a (pseudo)metric. The assumptions of this type are frequently used in model
selection problems (see Section 6.3). They describe the link between the excess risk (or
the approximation error) Pf — P, and the variance of the "loss” f — f.. This particular
form of bound (4.4) is typical in regression problems with Ls-loss (see Section 5.1): the
link function in this case is just the square. In some other problems, such as classification

under ”low noise” assumption other link functions are also used (see Section 5.3).

Assume, for simplicity, that the infimum of Pf over F is attained at a function
f € F (the result can be easily modified if this is not the case). Let

wn(0) == wn(F; f;0):=E  sup  [(B—P)(f -]
FEF P} (£.)<6

Lemma 4.1 There exists a constant K > 0 such that for all € € (0,1] and for all t >0
1 € KDt
t . < : _ b - .
Jn(}",P)_s(n]a__fPf Pf*)—l—Dwn<KD>+ —

Proof. Note that

én(8) = E|| P — Pl 75 < 2B sup [(By = P)(f = f)l-

|
feF(s)
For f € F(9),

pp(f, ) < pp(f, f) + pp(f, f) < VD(Pf — Pf)+\/D(Pf - Pf.) <
<\/D(Pf — Pf)+2\/D(Pf— Pf.) < VD5 +2VDA < \/2D(5 + 4A),

A= P[—Pf.=if Pf~ Pf..

where

As a result, it follows that
D(8) < 2VD(V3 + 2V A) < \/8D(5 + 4A)

and
b (8) < 2w <2D(5 + 4A)).
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We will now bound the functions ¢’ (o) and (D?)’(c) involved in the definition of V(o)
(see the proof of Theorem 4.3). Denote 7 := %. Then

o (8) Wn <2D(1 + 47’)5)
¢’ (0) = sup /-~ < 2sup = 4D(1 + 47w, <2D(1 + 47)0)
620’ 6 620’ 5
and also o D5 A
(02 (0) = sup 20 < up BPOFAB) opyy gy,
>0 >0 o
Therefore,

Vi(o) <2q [4D(1 +47)w (21)(1 + 47’)0) + 2@@& + nt—a] .

Suppose that, for some ¢ € (0,1], we have o > A implying that 7 < % Then we can

upper bound V!(o) as follows:

20D tD t
V(o) < 2¢q [%wz <2DO‘> +2V104/ — + —}

neo no

As soon as

1 € KDt
> b =
7= 2Dw”<KD> Vs
with a sufficiently large K, the right hand side of the last bound can be made smaller
than 1. Thus, 0!, is upper bounded either by A, or by the expression

1 € KDt
Ry
2Dw"<KD>\/ ne

which implies the bound of the lemma.

O
Remark. By increasing the value of the constant K it is easy to upper bound the
quantity sup{c : V!(c) < 1/2} in exactly the same way.

The next statement follows immediately from Lemma 4.1 and Theorem 4.3.

Proposition 4.1 There exists a large enough constant K > 0 such that for all e € (0,1]
and all t >0

p 1 € KDt
_ - _ Loyf_ e\, ADt —t
]P’{Pf Pf*Z(l—i-E)(lI]l__fPf Pf*)—i-Dwn(KD)—l- &? n}Squ .
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Let us call ¢ : Ry — R4 a function of concave type if it is nondecreasing and
P(u)
u

U = is decreasing. If, in addition, for some v € (0,1), u % is decreasing,

1 will be called a function of strictly concave type (with exponent ). In particular, if
Y(u) = p(u?), or ¥(u) :== ¢7(u), where ¢ is a nondecreasing strictly concave function

with ¢(0) = 0, then 9 is of concave type for v = 1 and of strictly concave type for v < 1.

Proposition 4.2 Let §; := g 7,5 >0 for some ¢ > 1. If ¥ is a function of strictly

concave type with some exponent v € (0,1), then

(o) . 9

- CP}/’q 5 ’

g > J

where cy 4 15 a constant depending only on q,v.

Proof. Note that

¥(0;) () _ (0) 1
j_zmal.]—’yg—” P
j:0;>6 Ji6;28 7377 Ji6;26 77
1 (6) SN w0~ ja- 1 (6)
- () <TRSemeny
j:6;>0 7>0

O

Assume that ¢,(8) < ¢,(8) and D(5) < D(d), § > 0, where ¢, is a function of
strictly concave type with some exponent v € (0,1) and D is a concave type function.
Define

Un(8;t) i= Upi(6) == K<q§n(6) + D(6) ¢ + E)

n o n
with some numerical constant K. Then U, (-;t) is also a function of strictly concave type..

In this case, it is natural to define

Vi (6:t) := U,I’L7t(5) = Un((?;t) and  b,(t) :== V,ji’t(l).

Theorem 4.4 There exists a constant K in the definition of the function U, (5;t) such
that for all t > 0

P{E(fn) = du(t)} < e
and for all § > d,(t),

Enlf)
£(f)

IP’{ sup - 1‘ > Vi, (6; t)} <e ™
feFE(f)=6
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Proof. It is similar to the proof of Theorem 4.2, but now our goal is to avoid using
the concentration inequality repeatedly for each value of §; since this leads to a loga-
rithmic factor. The trick was previously used in Massart [73] and in Ph.D. dissertation

of Bousquet (see also Bartlett, Bousquet and Mendelson [7]). Define

6= 2 —9: 10 7o),

>0

Then the functions in G5 are bounded by 1 and

D
op(Gs) < Supé sup op(f—g) < dsup (o)

< D(9),
0>6 0 f.gcF(o) a>5 O

since D is of concave type. Also, since <;3n is of strictly concave type, Proposition 4.2
gives

)
E||P, = Plgs =E sup  sup —|[P, — Pz <
3:0;20 0€(8;41,0;] 9

0
<q gE”Pn —Pllpe) <ad Y

§:6;>8 7 §:6,>6

(bn(éj) < qcmqén(‘s)-

0;
Now Talagrand’s concentration inequality implies that there exists an event F of prob-
ability P(E) > 1 — ™! such that on this event || P, — P||g; < U, (d;t) (the constant K in
the definition of U, (0;t) should be chosen properly). Then, on the event E, for all o > 4,

1P, = Pllpo) < %Un(é;t) < V(5 t)o.
The rest repeats the proof of theorems 4.2 and 4.1. |

In the next theorem, we consider empirical risk minimization problems over Donsker
classes of functions under the assumption that, roughly speaking, the true risk has unique
minimum and, as a consequence, the d-minimal sets F(d) shrink to a set consisting of a
single function as § — 0. Essentially, it will be shown that in such cases the excess risk
is of the order op(n~1/2).

Theorem 4.5 If F is a P-Donsker class and
Dp(F;d) — 0 as n — oo,

then

A~

Ep(fn) = op(n™?) as n — .
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Proof. If F is a P-Donsker class, then the sequence of empirical processes
Zu(f) = n'*(Puf — Pf),f € F

is asymptotically equicontinuous, i.e., for all € > 0

lim limsup]P’{ sup Zn(f) — Zn(g)‘ > E} =0.
6—0 n—0o0 pP(fug)S&’fvge]:

(see, e.g., van der Vaart and Wellner [95], Section 2.1.2). This also implies (in the case
of uniformly bounded classes, by an application of Talagrand’s concentration inequality)
that

lim limsup E sup Zn(f) — Zn(g)‘ =0.

0=0 n—oo pP(fug)S&’fvge]:
Since Dp(F;d) — 0 as 6 — 0, it follows that

}im lim sup nl/ngn(}"; P;o) = (%iné lim sup nl/zEHPn — P|l7 ) <

0 n—oo n—oo

lim limsup E sup Zn(f) — Zn(g)‘ =0. (4.5)

§=0 n—oo  pp(f,9)<D(F;d),f.9€F

Let now {d,} be a decreasing sequence such that D(d;) < e~UT1) and let

1
tj ::t+2loglogm §t+210g(,7+1)
J

Let 6!, denote the corresponding quantity 4, (F; P) and U}, the corresponding function
Uy, (as they were defined before Theorem 4.1). Then it follows from Theorem 4.1 that

P{Ep(fa) > 6} < D el <Y el <Y eI TRIBUTN = N "2t < ge

5;>6t §>0 j>0 Jj=1
The definition of U and the relationship (4.5) imply that, for all ¢ > 0,

lim lim sup n'/2U% (8) = 0.

6—0 n—oo

We also have

UL(1) = O(n 1)

since

¢n(1) <2E|| P, — Pllx = O(n_1/2)

for a Donsker class F and D(1) < +o0. Therefore, the definition of §%, implies that

oL <UL(GL) <UL(1) — 0asn — oo

o8



and
lim sup n'/26! < limsupn'/2U¢ (6!) = %im lim sup n'/2U% (8) = 0.

n— oo n— oo —0 n—ooo
As a result, for all £ > 0,
8t = o(n1/?).

Then, it is easy to show that there is a choice of t = 7,, — oo (slowly enough) such that
6T = o(n~Y?).
The claim of the theorem now follows from the bound

P{Ep(fn) > 07"} < 2™ — 0 as n — oo.

There is another version of the proof that is based on Theorem 4.3.

The condition D(F;d) — 0as d — 0 is quite natural when the true risk minimization
problem (1.1) has unique solution. In this case, such quantities as d,(F; P) often give
correct (in a minimax sense) convergence rate for the excess risk in risk minimization
problems. However, if the minimum in (1.1) is not unique, the diameter D(J) of the
d-minimal set is bounded away from 0. In such cases, 0, (F; P) is bounded from below
by c\/% . At the same time, the optimal convergence rate of the excess risk to 0 is often

better than this (in fact, it can be close to n~!, e.g., in classification problems).

4.2 Rademacher Complexities and Data Dependent Bounds on Excess
Risk

In a variety of statistical problems, it is crucial to have data dependent upper and lower
confidence bounds on the sup-norm of the empirical process || P, — P|| for a given func-
tion class F. This random variable is a natural measure of the accuracy of approximation
of unknown distribution P by its empirical distribution P,. However, ||P, — P|| depends
on the unknown distribution P and, hence, it can not be used directly. It happens that
it is easy to construct rather simple upper and lower bounds on || P, — P||# in terms of
the sup-norm of Rademacher process || R, ||#. The last random variable depends only on
the data Xi,..., X, and on random signs €1, ...,&, that are independent of X1,..., X,
and are easy to simulate. Thus, ||R,|# can be used as a data dependent complexity
measure of the class F that allows one to estimate the accuracy of approximation of P

by P, based on the data. This bootstrap type approach was introduced independently
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in Koltchinskii [58] and Bartlett, Boucheron and Lugosi [8] and it was used to develop
a general method of model selection and complexity regularization in learning theory. It
is based on the following simple bounds. Their proof is very elementary and relies only
on the symmetrization and bounded difference inequalities.

Assume that the functions in the class F are uniformly bounded by a constant
U > 0.

Theorem 4.6 For allt > 0,

3tU t2
P<||P, — P > 2| R, — < _
{” I 2 21 Bnllz ﬁ} eXp{ 2 }

1 2tU U t2
PPy — Pl < =||Rollx — = — —— b < expd —— .
{” I < 2” | Vn 2\/5} eXp{ }

and

Proof. Denote
Zp = HPn - PH}' - 2HRnH]’-

Then, by symmetrization inequality, EZ, < 0 and applying bounded difference inequality
to random variable Z,, easily yields
3tU t2

Zn > EZy + % < eXP{—§}=

which implies the first bound.
The second bound is proved similarly by considering the random variable
1 U
Zn = ||P,— P|lr — =||R -

n || n H]—' 9 || an 2\/5

and using symmetrization and bounded difference inequalities.

O

Note that other versions of bootstrap, most notably, the classical Efron’s bootstrap,

can be also used in a similar way (see Fromont [44]).

The major drawback of Theorem 4.6 is that the error term does not take into account
the size of the variance of functions in the class F. In some sense, this is a data dependent
version of uniform Hoeffding inequality and what is often needed is a data dependent
version of uniform Bernstein type inequality. We provide such a result below. It can be
viewed as a statistical version of Talagrand’s concentration inequality. Recently, Giné

and Nickl [51] used some inequalities of similar nature in adaptive density estimation.
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Denote

0% (F) := sup Pf? and o2(F) := sup P, f>.
fer fer

Theorem 4.7 There exists a numerical constant K > 0 such that for all t > 1 with
probability at least 1 — e~ the following bounds hold:

t tU
IRallz - B < K{\/ (o3 +vlmale) + 2], (1.6
t tU
El[RnllF < K[ | Bl 7 + on(F )\ﬁ+ —], (4.7)
n n
tU
( F)+U| Ry, H]—"|‘—> (4.8)
and U
o2(F) < K< b) + UBIR s + ), (4.9)
Also, for all t > 1 with probability at least 1 — e~
t tU
1B, ~ Pl < K[ IRl + oy £ + ] (4.10)
and
t tU
1P, = Pl ~ EIP, ~ Pls| < K[\/ Lo ruimie) + 2] @

Proof. It is enough to consider the case when U = 1/2. The general case then

follows by rescaling. Using Talagrand’s concentration inequality (to be specific, Klein-

Rio bound), we claim that on an event E of probability at least 1 — e™*

2t t
E|[Ralls < | Rall5 + J — (03(F) + 2| Bull) + = (4.12)

’I’L

which implies that

2t t 1 2t
E|Rullz < |Rullz + op(F)y/ = + = + 24/ sE[Ru]l 7= <
n o n 2 n

2t t 2t
< ||Rp||£F + op(F) —+—+3 E||R H]—'-i——

or

t 6t
E|[Rullz < 20|Rallz + Mapmﬁ L2 (4.13)

n
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We will now upper bound o%(F) in terms of o2(F). Denote F2 := {f?: f € F}.
Again, we apply Talagrand’s concentration inequality (namely, Bousquet’s bound) and
show that on an event F of probability at least 1 —e?

op(F) =sup Pf*> < sup Pof? + [Py — P52 <
fer fer

2t t
< 0 (F) +E||P, — Pl + \/g (0’%(7‘_) +2E(| P, — PH??) + 3

where we also used the fact that

sup Varp(f?) < sup Pf% = op(F) < sup Pf* = o5 (F)
JfeF? fer fer

since the functions from F are uniformly bounded by U = 1/2. Using symmetrization

inequality and then contraction inequality for Rademacher processes, we get

B[P, — Pllr2 < 2E[| Ry || 72 < 8E|[ Ry 72

2t 8t t
ob(F) < 02(F) + 8E| R, || 7 + op(F)y/ —+ 2/ EEHRnllf +3- <
ot

2t
< O2(F) + 9B| Rullz + op(F)y )~ + -

Hence,

where the inequality 2vab < a + b, a,b > 0 was applied. Next we use bound (4.13) on
El|Rn||F to get

2t 100t

OB(F) < on(F) + 18| Rz + 1900 (F)y/ — + ——.

As before, we bound the term 190p(F)(/2 = 2 x 190%?\/% using the inequality
2ab < a® + b2, which gives

500t
0% (F) + 02(F) + 18| R, || 7 + —

DO =

op(F) <

As a result, the following bound holds on the event EN F :
1000¢
0B (F) < 202(F) + 36| Ry || 7 + — (4.14)
It also implies

op(F) < V20,(F) + 6y/|| Rl 7 + 32\/%.
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We use this bound on op(F) in terms of 0, (F) to derive from (4.13) that

t
BNl < 2Rl + 40 () L+

t 100t t 172t

+12v2\/||R, || 7 St——= 3| Rnll7 —|—40n(.7:)\/;—|— -

The last bound holds on the same event ENFE of probability at least 1 —2e~*. This implies
inequalities (4.7) and (4.8) of the theorem. Inequality (4.6) follows from Talagrand’s
inequality, specifically, from combination of Klein-Rio inequality (4.12), the following

application of Bousquet’s inequality

t

= (4.15)

2t
Rallr < BBl + ) 2 (o3(F) + 251 Aul) +

and bounds (4.7), (4.8) that have been already proved. The proof of the next inequality
(4.9) is another application of symmetrization, contraction and Talagrand’s concentra-
tion and is similar to the proof of (4.8). The last two bounds follow from the inequalities
for the Rademacher process and symmetrization inequality.

Under the assumption ¢ > 1, the exponent in the expression for probability can
be written as e~! without a constant in front of it. The constant can be removed by
increasing the value of K.

[}

We will use the above tools to construct data dependent bounds on the excess risk.
As in the previous section, we assume that the functions in the class F are uniformly
bounded by 1. First we show that the J-minimal sets of the risk can be estimated by
the d-minimal sets of the empirical risk provided that ¢ is not too small, which is a

consequence of Theorem 4.2. Let
Fu(0) :== Fp,(5)

be the §-minimal set of P,.

Lemma 4.2 Let 6 be a number such that 6, > Uﬁ(%) There exists an event of prob-
ability at least 1 — 263250 e % such that on this event, for all § > &2,

F(8) € F(36/2) and F,(8) C F(26).
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Proof. It easily follows from the definitions that 05 > 0, (F; P). Denote
E,:= () Enyj
65203
where E, ; are the events defined in the proof of Theorem 4.1. Then
P(E,) 21— > e
;265

It follows from the proof of Theorem 4.2, that, on the event FE,, for all f € F with
E(f) = dy,

Enlf)
£(f)

By the proof of Theorem 4.2, on the same event

<

<

N =
N W

1P — PH]—"(&%) < Un(éz)'
Therefore, on the event E,,,
E(f) <26u(f)V S, fEF, (4.16)

which implies that, for all § > 09, F,(§) C F(26). On the other hand, on the same
event E,, for all f € F, the assumption £(f) > 62 implies that &,(f) < 3€(f) and the
assumption E(f) < 62 implies that

. 3
En(f) < EF) +1Pn — Pllragy < E() + Unl03) < 55 + Val5)65 < 205,
Thus, for all f € F,
4 3
ABES OGN} (4.17)

which implies that on the event E,, for all § > 6%, F(8) C Fn(35/2).
o

Now we are ready to define an empirical version of excess risk bounds. It will be

convenient to use the following definition of pp :

pp(f.9) == P(f —g)*.

Given a decreasing sequence {¢;} of positive numbers with dp = 1 and a sequence {¢;}

of real numbers, ¢; > 1, define

]
n n

0(6) = K(%(aj) 1 D)) ) 5 € (541,85, > 0.
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where K = 2. Comparing this with the definition (4.1) of the function U,, it is easy to
check that Uy (8) < U,(8),8 € (0,1]. As a consequence, if we define &, := UA(1/2), then
5 (F; P) < 6.

Empirical versions of the functions D and ¢,, are defined by the following relation-
ships:

Du(@) = sup pp,(frg) and $u(6) = |Bullz )
fvgej:’rl(6)

Also, let

and
on = UX(1/2), 6, :=Uk(1/2).

The constants in the definitions of the functions U,, and [jn can be chosen in such a way
that for all § U,(8) < Upn(8) < Un(6), which yields the bound 6, (F; P) < 6, < 6,. Since
the definitions of the functions Uy, U,, U, differ only in the constants, it is plausible
that the quantities 0, (F; P), 0y, 0 are of the same order (in fact, it can be checked in
numerous examples).

We will prove that with a high probability, for all &, U,(8) < U,(0) < Up,(9),
S0, U, provides a data-dependent upper bound on U, and U, provides a distribution
dependent upper bound on U,. This implies that, with a high probability, §,, < bn < O,
which provides a data dependent bound 5n on the excess risk Ep( fn) which is of correct

size (up to a constant) in many cases.
Theorem 4.8 With the above notations,

P{Sn <4, < Sn} >1-3 Z exp{—t;}.

5]2511
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Proof. The proof follows from the inequalities of Theorem 4.7 and Lemma 4.2 in
a rather straightforward way. Note that 4, > Uﬁ(l /2), so we can use it as J7 in Lemma
4.2. Denote H the event introduced in the proof of this lemma (it was called E,, in the

proof). Then
P(H)>1- ) e

6]' Zgn

and, on the event H,
F(8) C Fn(36/2) and Fp, (6) C F(26)

for all § > §,,.

First, the values of ¢ and ¢ will be fixed. At the end, the resulting bounds will be
used for 0 = ¢; and t = t;. We will apply the inequalities of Theorem 4.7 to the function
class F'(9). It easily follows from bound (4.10) that there exists an event F' = F(d) of
probability at least 1 — e~* such that, on the event H N F,

. /3 t t
E|lP. = Pllro) < K || Rall g 3/20) + Dn(59) \/; + ;]

with a properly chosen K. Recalling the definition of U, and U,, the last bound im-
mediately implies that with a straightforward choice of numerical constants K , ¢, the
inequality U,(8) < U, (6). holds on the event H N F.

Quite similarly, using the inequalities of Theorem 4.7 (in particular, using bound
(4.9) to control the ”empirical” diameter D(8) in terms of the "true” diameter D(4))
and also the desymmetrization inequality, it is easy to see that there exists an event
G = G(8) of probability at least 1 — e~ such that the inequality U, () < U,(8) holds
on H N G with properly chosen numerical constants K, ¢ in the definition of U,.

Using the resulting inequalities for § = ¢; > 5, yields

where

By the definitions of U,, U, and U,, this also implies that, on the event E,

Un(8) < Un(8) < Un(6)
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for all § > §,,. By simple properties of f-transform, we conclude that 6, < 6n < 0, on
the event E, which completes the proof.

O

It is easily seen from the proof of Theorem 4.8 and from the definitions and con-
structions of the events involved in this proof as well as in the proofs of Theorem 4.2 and
Lemma 4.2 that on an event E of probability at least 1 — p, where p = 32%2& e i,
the following conditions hold:

(i) 6n < 0n < b5

(i) 5(f) < Sn?

(iii) for all f € F,

and

(iv) for all § > &,
1P — Pllgrsy < Unl6):

Sometimes it is convenient to deal with different triples (8, d,,0,) (defined in terms
of various complexity measures of the class F) that still satisfy conditions (i)-(iv) with a
high probability. In fact, to satisfy conditions (ii)-(iv) it is enough to choose 6, in such
a way that

(v) &, > UL(1/2).

This is reflected in the following definition.

Definition 4.1 Suppose sequences {6;}, {t;} and the corresponding function U, are
given. We will call 6, that depends on F and P an admissible distribution depen-
dent bound on excess risk iff it satisfies condition (v), and, as a consequence, also
conditions (ii)-(iv). If (ii)-(iv) hold on an event E such that P(E) > 1 — p, then 6, will
be called an admissible bound of confidence level 1 —p. A triple (5n,5n,gn), such that 6,
and 6, depend on F and P, 5n depends on F and X1,...,X,, and, for some p € (0,1),
conditions (i)-(v) hold on an event E with P(E) > 1 — p, will be called a triple bound

on the excess risk of confidence level 1 — p.

Such triple bounds will be used later in model selection methods based on penalized

empirical risk minimization.
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We conclude this section with a simple example showing that in the multiple minima
case the distribution dependent excess risk bounds developed in the previous section are
not always sharp. Moreover, there is a difficulty in estimation of the level sets of the risk
(the d-minimal sets), which was of importance in constructing data dependent excess
risk bounds. Some more subtle geometric characteristics of the class F that can be used
in such cases to recover the correct convergence rates were suggested in Koltchinskii [59].
However, the development of the theory of excess risk bounds in the multiple minima

case remains an open problem.

Recall the definition of d,(t) in Corollary 4.1.

Proposition 4.3 Let S := {0,1}¥*! and P be the uniform distribution on {0, 1}N+1,
Let F :={f; : 1 < j < N+ 1}, where

fj(x) =T, X = ($17'-' axN-l-l) € {071}N+1'

Then the following statements hold for an empirical risk minimizer f :

(i) Ep(f) = 0;
O (1) 20(\/@—# \/%),

(7i) with some ¢ > 0,
(iii) for any € > 0 there exists Ny such that, for Ng < N < +/n and for § = 0.25 @,
the inclusion F(0) C F,(5) does not hold with probability at least 1 — .

Proof. For k # j, P(fi — fj)* = 1/2. Thus, Dp(F;8) = 1/2. At the same time,

Pn(d) = E;;lel}!(Pn - P)(f -9l = Elglil,?’éN’(P" — P)(fr — fj)l-

It is easy to check that the last expectation is of the order ¢

value of 0,,(t) is of the order c(«/ ngN + \/%> The excess risk £(f) is equal to 0 for all
f € F. In particular, 5(fn) = 0. Thus, the bound 6, (t) is not sharp.
To show that (iii) holds, note that

]P’{]—"(O) c ﬁn(a)} _ P{ﬁn(a) _ ]—“} _

1,1 <9< : < i <
P{Vj,l_]_N—l—l Pnfj_1§]§£j%+1pnfk+5} =
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where v,,v, ;,1 < j < N are ii.d. binomial random variables with parameters n and

1/2. Therefore,
Uy = kz} =

n N n
> Plon =k} [[P{vn; < k+0n} =Y Plvn = k}PV{u, <k+on} <
k=0 j=1 k=0

P{f(@) c ﬁn(a)} <> Plup = k}]P’{Vj, 1<j<N:v,; <k+én
k=0

P{v, > k} +PN{v, < k+ on},
where 0 < k < n. Let k = 5 + nd. By Bernstein’s inequality,

2
P{v, >k} < exp{—%} = (log N)~2°°.

On the other hand, by the normal approximation of binomial distribution (® being the

standard normal distribution function)
P{v, < k+n} < ®(4dy/n) +n" /%2 = d(/log N) + n~ /2,
Under the condition Ny < N < y/n this yields, for a large enough Ny,
P{F(0) C Fn(6)} <e,

and the result follows.

5 Examples of Excess Risk Bounds in Prediction Problems

Let (X,Y) be a random couple in S x T, T C R with distribution P. The distribution
of X will be denoted by II. Assume that the random variable X is “observable” and Y
is to be predicted based on an observation of X. Let £ : T x R +— R be a loss function.
Given a function g : S +— R, the quantity (¢ e g)(z,y) := ¢(y,g(x)) is interpreted as a
loss suffered when g(x) is used to predict y. The problem of optimal prediction can be

viewed as a risk minimization

E((Y,9(X)) = P({eg) — min, g: S — R.
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Since the distribution P and the risk function g — P(¢ e g) are unknown, the risk

minimization problem is usually replaced by the empirical risk minimization
n
Py(teg)=n""> (Y} 9(X;)) — min, g€,
j=1

where G is a given class of functions g : S +— R and (X1,Y1),...,(X,,Y,) is a sample of
i.i.d. copies of (X,Y’) (“training data”). Obviously, this can be viewed as a special case
of abstract empirical risk minimization problems discussed in the previous section. In
this case, the class F is the “loss class” F := {feg : g € G} and the goal of this section is
to derive excess risk bounds for concrete examples of loss functions and function classes

frequently used in Statistics and Learning Theory.

Let u, denote a version of conditional distribution of Y given X = x. The following

representation of the risk holds under very mild regularity assumptions:

P(leg) = /S /T Uy: 9(2)) o (dy)TL(da)

Given a probability measure p on T, let

uy, € Argmin,cg /T ((y; w)p(dy).

Define
0.(a) = s, = avgmin, e, | ()
Assume that the function g, is well defined and properly measurable. Then, for all g,
P(leg)> P(leg,.) so, g is a point of global minimum of P({ e g).
Let
Jn = argmingean(€ °g)
be a solution of the corresponding empirical risk minimization problem (for simplicity,
assume its existence).

The following assumption on the loss function £ is often used in the analysis of the

problem: there exists a function D(u, p) > 0 such that for all measures u = p,, z € S
/T(ﬁ(y,u) — Uy, up))*u(dy) < D(u, p) /T(ﬁ(y,u) — £y, ) p(dy).- (5.1)

In the case when the functions in the class G take their values in the interval [—M /2, M /2]
and
D(u, pg), |u| < M/2,z €S
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is uniformly bounded by a constant D > 0, it immediately follows from (5.1) (just by
plugging in v = g(x), u = p, and integrating with respect to II.) that, for all g € G,

Pleg—leg)><DP(leg—"leg,). (5.2)

As a consequence, if g, € G, then the Lo(P)-diameter of the d-minimal set of F is
bounded as follows:
D(F;6) < 2(Dé)2.

Moreover, even if g, ¢ G, the condition (4.4) still holds for the loss class F with f, = (eg,,
providing a link between the excess risk (approximation error) and the variance of the
“excess loss” and opening a way for Massart’s type penalization methods (see sections
4.1, 6.3). The idea to control variance in terms of expectation has been extensively
used in Massart [73] (and even in a much earlier work of Birgé and Massart) as well as
in the learning theory literature (Mendelson [76], Bartlett, Jordan and McAuliffe [10],
Blanchard, Lugosi and Vayatis [17], Bartlett, Bousquet and Mendelson [7]).

5.1 Regression with Quadratic Loss

We start with regression problems with bounded response and with quadratic loss. To be
specific, assume that Y takes values in T = [0,1] and £(y,u) = (y — u)?, y € T,u € R.

The minimum of the risk
P(teg) =E(Y —g(X))

over the set of all measurable functions g : S — R is attained at the regression function
g+(z) :=n(z) := E(Y[X = x).

If G is a class of measurable functions from S into [0, 1] such that g. € G, then it is easy
to check that for all g € G

Ep(Leg) = llg — g+l m)-

In general, the excess risk is given by
Ep(Ceg) =g = g:llzoqm — ik 7 = gulZ, -

The following lemma provides an easy way to bound the excess risk from below in the

case of a conver class G and g := argmincg|lg — 9*”%2(1'[)'
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Lemma 5.1 If G is a convex class of functions, then
2Ep(Ceg) > llg— a7,
Proof. Note that the identity

u2+v2_ u+v 2_(u—v)2
2 2 4

implies that

(g—g*)2;<g—g*)2 _ (m_g*>2+ (9-9)°

2
Integrating with respect to II yields

lg = g+ll7,m + 15 = 917,y _ Hg +g
2

Since G is convex and ¢,g € G, we have % € G and

2

g+g _
‘ 9 > g = 94117, -
Lo(1II)
Therefore,
lg — Q*H%Q(n) + g - Q*H%Q(n) _ 9 llg — gH%z(n)
5 > 17 = gellz, () e

implying the result.

As before, we denote F := {f e g: g € G}. It follows from Lemma 5.1 that
F(6) c {teg:lg—gll,m < 26}.
Also, for all functions ¢1,g2 € G and all x € S,y € T,
(Log)(w,y) = (Lo g)(@.y)| = |y = 91(@)? — (y — 92(a)?

= [g1(z) — g2(2)[|2y — 91(2) — g2(2)| < 2[g1(x) — g2(2)],
which implies
2 2
P<f °g1—Le 92) < 4llg1 = g2ll7, -
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Hence

D(0) < 2SUP{Hgl = ®llram ¢ g1 = gll7,mm < 26,0192 — 9l7,m) < 25} < 4V2V5.
In addition, by symmetrization inequality,

¢n(0) = E| Py — PH]—"(&) < 2E”Rn”}"(5) <
QESUP{‘Rn(f ogy —Le 92)‘ 191,92 € G, |lg1 — 9”%2(11) < 20,92 — 9”%2(11) < 25} <

4Esup{‘Rn(€og — Eog)‘ :9€G,l|lg— QH%Q(H) < 25},

and since £(y,-) is Lipschitz with constant 2 on the interval [0, 1] one can use the con-

traction inequality to get

$n(9) < 16Esup{|Rn(9 — 9)| : 9 € G, lg — gll7, ) < 20} = ¥n(0).

As a result, we get

¢(0) < ¢ (0)

\/ (D2 (0) < 4V/2.

This yields an upper bound on the quantity ¢!, involved in Theorem 4.3:

den(e(d)d)
2q n

Thus, the following statement is a corollary of Theorem 4.3.

and

Theorem 5.1 Let G be a convez class of functions from S into [0,1] and let g denotes

the least square estimator of the regression function

n

g = argmingegn_l Z(Y} - g(X]))2
7=1

Then, there exist constants K > 0,C > 0 such that for all t > 0,

N . 1 t _
P10~ 0ulm = i o - ., + 5 (A5 ) + =) P e
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A slightly weaker result holds in the case when the class G is not necessarily convex.

It follows from Lemma 4.1. Note that the condition

A(P(Leg) —P(teg.) =4lg = geli,my = pb(le g, teg) > P(leg—Leg.)

is satisfied for all functions g : S — [0, 1]. Also,

1
wn(0) =E sup (P, —P)teg—Lleg)| < 51/%(5/8)
4||g_g||%2(n)§6
(by symmetrization and contraction inequalities, and by notation).

Therefore, the following result holds.

Theorem 5.2 Let G be a class of functions from S into [0,1] and let g denote the least
square estimator of the regression function. Then, there exist constants K > 0,C' > 0
such that for all t > 0,
1 € Kt
A2 . 2 Lo € At —t
P16 = 0,y 2 1+ 9) 0t g = 9ol + 198 () + o} < O

Clearly, these results hold (with different constants) if the functions in G take their

values in an arbitrary bounded interval.

Example 1. Finite dimensional classes. Suppose that L C Ly(II) is a finite di-
mensional linear space with dim(L) = d < oo and let G C L be a convex class of functions

taking values in a bounded interval (for simplicity, [0,1]). It follows from Proposition 3.2

that
n(®) < 0y
n

with some constant C' > 0. Hence,

and Theorem 5.1 implies that

. . d t _
P{15 - 08, 2 it l = 0e Vi + K (5 + £) b < 0

with some constant K > 0.

Example 2. Reproducing kernel Hilbert spaces (RKHS). Suppose G is the
unit ball in RKHS Hp :
G ={h:[|hllr, <1}
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Denote {\;} the eigenvalues of the integral operator from Lo(IT) into Lo(IT) with kernel
K. Then Proposition 3.3 implies that

0 1/2
wnl®) < C(n S0y n0)
j=1

The function
0 1/2
< Y ms) =: 7 (0)
7=1
is strictly convex and, as a result,

~ (9)
M (8) = 5

is strictly decreasing. By a simple computation, Theorem 5.1 yields
PLIG— gulZim = nf [l — g2 + K (A1) + =) b < cet
97 GellLoam = 2619~ IxllLo(m) Tn n) (=

with some constant K > 0.

Example 3. VC-subgraph classes. Suppose that G is a VC-subgraph class of
functions g : S + [0,1] of VC-dimension V. Then the function ,(d) can be upper
bounded using (3.13):

Therefore

Theorem 5.2 implies

V ne?  t —t
P10~ 0o = (L&) int g = 0y + K (g o8 5+ ) p < €

Example 4. Entropy conditions. In the case when the entropy of the class
G (random, uniform, bracketing, etc.) is bounded by O(¢72°) for some p € (0,1), we
typically have

Ph(e) = O(n‘l/(1+P)>.
For instance, if (3.14) holds, then it follows from (3.15) (with F' = U = 1 for simplicity)

that o)
A20/(p
1 2
n(0) < 10 (Dgoniny SEEDY,

75



Therefore,
C A20/(1+p)
# _
vnl®) < Gy

In this case Theorem 5.2 gives the bound
A20/(1+p) t
. 2 . 2 —t
P{1a =0l > (1 €) inf o = . ) + K (g + o) | < €6
Example 5. Convex hulls. If
G :=conv(H) := {Z Ajhj Z INj| <1,k € H}
J J

is the symmetric convex hull of a given VC-type class H of measurable functions from

S into [0, 1], then the condition of the previous example is satisfied with p := VL+2 This

yields
K(V)\ 21tV
fle) < | —=2
e < ()
and Theorem 5.1 yields
1\2Tv ¢
N 2 . 2 —t
Pl 0o lum 2 i lo -, + 5 ((3)7 +5) < ce

with some constant K > 0 depending on V.

5.2 Empirical Risk Minimization with Convex Loss

A standard assumption on the loss function ¢ that makes the empirical risk minimization
problem computationally tractable is that £(y,-) is a convex function for all y € T.
Assuming, in addition, that G is a convex class of functions, the convexity of the loss
implies that the empirical risk G 3 g — P, (£eg) is a convex functional and the empirical
risk minimization is a convex minimization problem. We will call the problems of this
type convex risk minimization. The least squares and the Li-regression as well as some
of the methods of large margin classification (such as boosting) are examples of convex
risk minimization.

The convexity assumption also simplifies the analysis of empirical risk minimization
problems. In particular, it makes easier proving the existence of the minimal point g,
checking condition (5.1), etc.. In this section, we extend the results for Lo-regression to

this more general framework.
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Assume the functions in G take their values in [—M /2, M/2]. We will need the
following assumptions on the loss function £ : ¢ satisfies the Lipschitz condition with

some L > 0
Vy € T Yu,v € [-M/2,M/2] |(y,u) —{(y,v)| < Llu—v| (5.3)

and also the following assumption on convexity modulus of £ holds with some A > 0 :

Vy € T VYu,v € [-M/2, M /2] E(y,u)—;ﬁ(y,’u) _€<y;u+v

> >Au—vf.  (5.4)

Note that, if g, is bounded by M/2, conditions (5.3) and (5.4) imply (5.1) with
D(u,p) < % To see this, it is enough to use (5.4) with v = w,, u = p1, and to integrate
it with respect to p to get, for the function L(u) := [;£(y,u)u(dy), (note that the

minimum of L is attained at u,)

L(u) ;L(“u) _ L) +2L<“M) - L) > 2 ZL(““) - L<“ +2“”> > Au — u,[?

and then to use the Lipschitz condition to get

/T 16y, 1) — £y, u)Pu(dy) < L2 — u, .

This nice and simple trick, based on strict convexity, has been used repeatedly in the
theory (see, for instance, Bartlett, Jordan and McAuliffe [10]). We will use it in the proof
of Theorem 5.3.

Theorem 5.3 Suppose that G is a convex class of functions taking values in [—M /2, M /2].
Assume that the minimum of P(¢ e g) over G is attained at g € G and

wp(d) =E sup IR, (g — g)|.
gegvllg_g”%Q(H)Sé

Denote

g = argmingcg P, (e g).

Then there exist constants K > 0,C' > 0,¢ > 0 such that

Pl P(teg) > inf P(eg) + KAk (L CEIN C et gs
9= geg g "\ 'L An)f="%" ‘
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Proof. Note that by Lipschitz condition (5.3), for all ¢g1,¢2 € G,
Pltegi — e gl < L*g1 — gall7, )

On the other hand, by (5.4), forall g € G,z € S,y € T,

o) + e €<y; %ﬁ“) + Alg(x) - g()

Integrating this inequality and observing that # € G and hence

P(Zo <¥>> > P(Leg),

P(leg)+ P(leg)
2

yields

> P(teg)+ Alllg — g,

or
P(teg)— P(teg) >2Alllg — g|°.

For the loss class F = {feg : g € G}, this gives the following upper bound on the Lo(P)-
diameter of the §-minimal set F(§) : D?(§) < QA—‘S. By symmetrization and contraction

inequalities, it is easy to bound
¢n(0) = E|| Py — Pl 5
in terms of wy,(0) : 5
dn(0) < C'Lwn<ﬁ>.

By a simple computation, the quantity ¢! used in Theorem 4.3 is bounded as follows:

A L%t
t < A i
Jn_K<Awn<L>+An>

Under the additional assumption that ¢ is uniformly bounded by 1 in T' x [-M /2, M /2],
Theorem 4.3 implies the result. To get rid of the extra assumption, suppose that £ is
uniformly bounded by D on T x [—M /2, M /2]. Then the result holds for the loss function
¢/D. For this loss function, L and A are replaced by L/D and A/D, and the expression

2
gAYy L7t
Aw"<L>+ An

2 2 2
g (A/DY  L7/D7t 1 () wfcA) L7t
A/Dw"<L/D 3o n M\ T ) TR
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so the result follows by rescaling.
O

As an example, consider the case when G := Mconv(H), where H is a base class of
functions from S into [—1/2,1/2]. There are many powerful functional gradient descent
type algorithms (such as boosting) that provide an implementation of convex empirical
risk minimization over a convex hull or a linear span of a given base class. Assume that
condition (3.12) holds for the class H with some V' > 0, i.e., H is a VC-type class. Define

L (V42)/(V+1) _1vee L2 ¢
) — V/(V+1) (=2 - -
(M, L, A ) ._K[AM (A\/1) TV 4
with a numerical constant K. The next result is a slightly generalized version of a theorem
due to Bartlett, Jordan and McAuliffe [10].

Theorem 5.4 Under the conditions (5.3) and (5.4),

]P’{P(€ °g,) > migP(@ °g)+ Wn(M,L,A;t)} < Ce™.
g€

Proof. To apply Theorem 5.3, it is enough to bound the function w,. Since G :=
Mconv(H), where H is a VC-type class of functions from S into [—1/2,1/2], condition
(3.12) holds for ‘H with envelope F' = 1 (see Theorem 3.12). Together with (3.15), this

gives

M2e/(p+1)
wp(d) < C’[ 5= p/z\/ T }

with p := VL Hence,
M2e/(1+p)

1
wnle) < O gy

for e < 1. If ¢(y,-) is bounded by 1 in T x [—M /2, M /2], then Theorem 5.3 yields

-—2/(14p)

]P’{P(€ °j) > migP(@ °g) + Wn(M,L,A;t)} < Ce .
g€

To remove the assumption that ¢ is bounded by 1, one should use the same rescaling

argument as in the proof of Theorem 5.3.
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5.3 Binary Classification Problems

Binary classification is a prediction problem with 7" = {—1,1} and {(y,u) := I(y #
u), y,u € {—1,1} (binary loss). It is a simple example of risk minimization with a

nonconvex loss function.

Measurable functions g : S +— {—1,1} are called classifiers. The risk of a classifier g

with respect to the binary loss
L(g) :== P(teg) =EI(Y # g(X)) =P{Y # g(X)}

is called the generalization error. It is well known that the minimum of the generalization

error over the set of all classifiers is attained at the classifier

g«(z) = sign(n(x)),

where n(z) = E(Y|X = z) is the regression function. The function g, is called the Bayes

classifier. It is also well known that for all classifiers g

L(g) — L(g+) = [n(2) [T (dz) (5.5)

/{x:g(x#g*(x)}
(see, e.g., [33]).
Suppose there exists h € (0, 1] such that for all x € S

In(x)| = h. (5.6)

The parameter h characterizes the level of noise in classification problems: for small
values of h, n(x) can get close to 0 and, in such cases, correct classification is harder to
achieve. The following condition provides a more flexible way to describe the level of the
noise:

Kz : n(x)] <t} <Ct* (5.7)

for some o > 0. It is often referred to as ”Tsybakov’s low noise assumption” or ”Tsy-
bakov’s margin assumption”. Classification problems under condition (5.7) have been
intensively studied by Mammen and Tsybakov [72] and, especially, by Tsybakov [91].

Condition (5.6) was later suggested by Massart and used in a number of papers (see,
e.g., [71]).

Lemma 5.2 Under condition (5.6),
L(g) — L(g«) =z hII({z : g(x) # g«(x)}).
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Under condition (5.7),

L(g) — L(g+) = cllI"({z : g(x) # g.(2)}),

where Kk = 1J§T°‘ and ¢ > 0 is a constant.

Proof. The first bound follows immediately from formula (5.5). To prove the second

bound, use the same formula to get
L(g) = L(g.) = tT{ : g(x) # g (), In(a)] >t} >

Mz g(x) # g.(@) | — e : p(@)] <t} > 0{a s g(a) £ g.(x) } — CEITe,
It remains to choose in the last bound t that solves the equation
H{az cg(x) # g*(ac)} =2Ct"

to get the result.

Let G be a class of binary classifiers. Denote
n
g:= argmingegn_l Z I(Y; # g9(X;))
j=1
a classifier in G that minimizes the empirical risk with respect to the binary loss (the
training error).

First we obtain upper bounds on the excess risk L(§)— L(gx) of ¢ in terms of random

shattering numbers

AG(Xy,. . Xy) = card{<g<X1>,...,g<Xn>> ge g}
and parameter h involved in condition (5.6).

Theorem 5.5 Suppose condition (5.6) holds with some h € (0,1]. If g« € G, then

. Elog AY(X1,...,X,)  t _
P L(§) — L(g,) > K — )<
{ (9) — L(g+) > ( — +— < Ce

with some constants K,C > 0. In the general case, when g, does not necessarily belong
to G, the following bound holds for all ¢ € (0,1) :

]P’{L(g)—L(g*) > (1+4¢) (;IelgL(g)—L(g*)> +K<E1°g Agg;; = Xn) +nfw> } < Cet
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Proof. Note that

(o g)(z,y) — (L og.)(z,y)| = I(9(x) # g«(z)),

which implies

As always, denote F := {fe g : g € G}. Under the assumption g, € G, the first inequality

Log—teg| = Plteg) —(Cog)l? =Ti{z:g(x) # gu(x)}.

Lo(P)

of Lemma 5.2 implies that

.7'—(5):{fog:g(ng):L(g)—L(g*)§5}C{fog:‘fog—fog*

3
< T (>
L) — V h

so the Lo(P)-diameter D(J) of the class F(0) satisfies D(d) < 2\/%. Next we have

&n(9) :EHPH—PH}-/((;) < 2E sup |(P,—P)leg—Lleg,).
9€G.11({g#9+})<d/h

Denote
D:= {{(w,y) ry#Fg@)}tige Q} and D, = {(2,9) : y # g«(2)}.
It is easy to check that for

Dy :={(z,y) :y #q1(x)}, Da2:={(z,y):y # g2(2)},

we have

({g1 # g2}) = P(D1AD3).

From the last bound on ¢,,(J), one can obtain that

¢n(0) < 2E sup |(Pn—P)(D\D,)[+2E sup |(Pn—P)(D:\D)|.
DeD,P(DAD,)<65/h DeD,P(DAD.)<6/h

Theorem 3.8 yields

¢n(5) < K[\/g\/ElogAD((Xth)w--7(Xn7Yn)) \/ ElogAD((Xl,Yl),...,(Xn,Yn))

n

with some constant K > 0. Also, it is easy to observe that

AP((X1,Y1),...,(Xn, V) = AY(Xy,..., X,)
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which gives the bound

on(5) < K[\/g\/ElogAg(an,...,Xn) V ElogAg(Xl,...,Xn)]‘

n

The bounds on ¢,(§) and D(§) provide a way to control the quantity ¢!, involved in
Theorem 4.3:

Elog AY(X1,..., X,
UZ < K og ( 1, ) ) + i
nh nh
with some constant K > 0, which implies the first bound of the theorem.
The proof of the second bound follows the same lines and it is based on Lemma 4.1.
O

The next theorem provides bounds on excess risk in terms of shattering numbers

under Tsybakov’s condition (5.7). We skip the proof which is similar.

.. . o 1
Theorem 5.6 Suppose condition (5.7) holds with some o > 0. Let k := % If g. € G,
then

P{L(g) e K<<ElogAg(X1,...,Xn)>“/(2“‘” . <£>”/(2”_”>} < 0ot

n n

with some constants K,C > 0.
We will also mention the following result in spirit of Tsybakov [91].

Theorem 5.7 Suppose, for some A > 0,p € (0,1)

2
log N(G; Lo(Py);e) < <§> ’ (5.8)

and condition (5.7) holds with some o > 0. Let k := lfTa If g. € G, then
1 k/(26+p—1) + r/(26—1)
(T () e
n n
with some constant K,C > 0 depending on A.

The proof is very similar to the proofs of the previous results except that now (3.15)
is used to bound the empirical process. One can also use other notions of entropy such

as entropy with bracketing and obtain very similar results.
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We conclude this section with a theorem by Giné and Koltchinskii [50] that refines

an earlier result by Massart and Nedelec [71]. To formulate it, let

c={lg=1}:9€0}, C.i={s.=1}
and define the following local version of Alexander’s capacity function of the class C (see
[2]):
1T <UC€C,H((JAC*)<6(CAC*)>
5 .

7(9) :==

Theorem 5.8 Suppose condition (5.6) holds with some h € (0,1]. Suppose also that C
is a VC-class of VC-dimension V. If g, € G, then

P{L(g) — L(g«) > K<n—‘2 log7’<%> + %)} <Cet

with some constants K,C > 0. In the general case, when g, does not necessarily belong
to G, the following bound holds for all ¢ € (0,1) :

]P’{L(g) ~L(g) > (1+e) (;relgL(g) ~L(g.)) +K<#€2 10g7'<#262> +nihg> } < Ce,

Proof (sketch). The proof relies on bound (3.13). For instance, to prove the second

inequality this bound is used to control

wp(d) =E sup (P, — P)(leg—"Leg),
gEg,Hng—Z'QHiZ(P)S&

where g is a minimal point of P(¢ e g) on G. To use (3.13) one has to find the envelope

Fs(z,y) := sup [Ceg(z,y) —Leg(zx,y)l
9EG, ||tog—teg|3 1) <5

Fasy computations show that
| E5]l o my = 24/67(6)

and an application of (3.13) yields

wn(0) < K {\ / ‘%‘5 log 7(8) \/ % logT(é)]
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with some constant K. This implies that, for all € € (0, 1),

Vv

\%4

with some constant K > 0. Now we can use Lemma 4.1 to complete the proof of the
second bound of the theorem (condition (4.4) of this lemma holds with D = %)
O

A straightforward upper bound on the capacity function 7(9) < % leads to the result

of Massart and Nedelec [71] in which the main part of the error term is % log<"7h2

However, it is easy to find examples in which the capacity 7(0) is uniformly bounded.
For instance, suppose that S = [0,1]%, II is the Lebesgue measure on S, C is a VC-class
of convex sets, C, € C and II(C,) > 0. Suppose also that with some constant L > 0

L™'h(C,C,) <I(CAC,) < Lh(C,C,),C €,

where h is Hausdorff distance. Then the boundedness of 7 easily follows. In such cases,

the main part of the error is of the order n—V}; (without a logarithmic factor).

6 Penalized Empirical Risk Minimization and Model Se-
lection Problems

Let F be a class of measurable functions on (5,.4) and let {F; : £ > 1} be a family of
its subclasses F, C F,k > 1. The subclasses Fj, will be used to approximate a solution
of the problem of risk minimization (1.1) over a large class F by a family of solutions of

”smaller” empirical risk minimization problems

fk = fnk = argmingec gz, P f.

For simplicity, we assume that the solutions { fnk} exist.

In what follows, we call Ep(F; f) = Pf —infscr Pf the global excess risk of f € F.
Given k > 1, we call Ep(F; f) = Pf —infrcr Pf the local excess risk of f € F.

Usually, the classes Fi, k > 1 represent losses associated with different statistical
models and the problem is to use the estimators { fnk} to construct a function f e F
(for instance, to choose one of the estimators fnk) with a small value of the global
excess risk Ep(F; f ). To be more precise, suppose that there exists an index k(P) such

that inf Fip) Pf = infz Pf. In other words, the risk minimizer over the whole class F

85



belongs to a subclass Fj,p). A statistician does not know the distribution P and, hence,
the index k(P) of the correct model. Let 4, (k) be an upper bound on the local excess
risk Ep(Fi; fnk) of fnk that provides an “optimal®, or just a ”desirable“ accuracy of
solution of empirical risk minimization problem on the class F. If there were an oracle
who could tell the statistician that k£(P) = 100 is the correct index of the model, then the
risk minimization problem could be solved with an accuracy at least Sn(loO). The model
selection problem deals with constructing a data dependent index k= I;:(Xl, e Xn)
of the model such that the excess risk of f := fnk is within a constant from 6, (k(P))
with a high probability. More generally, in the case when the global minimum of the risk
Pf, f € F is not attained in any of the classes F}, one can still try to show that with a
high probability
Ep(F; f) < Cinflint Pf = Pf.+ fin(k) |,

where

[« = argmin;czPf.
For simplicity, assume the existence of a function f, € F at which the global minimum
of the risk Pf, f € F is attained. The quantities 7, (k) involved in the above bound are
”ideal“ distribution dependent complexity penalties associated with risk minimization
over Fj, and C' is a constant (preferably, C' = 1 or at least close to 1). The inequalities
that express such a property are often called oracle inequalities.

Among the most popular approaches to model selection are penalization methods,
in which k is defined as a solution of the following minimization problem
k= argminkz;l{Pnfk + frn(kz)} (6.1)
where 7, (k) is a complexity penalty (generally, data dependent) associated with the class
(the model) Fj. In other words, instead of minimizing the empirical risk on the whole
class F we now minimize a penalized empirical risk.

We discuss below penalization strategies with the penalties based on data dependent
bounds on excess risk developed in the previous sections. Penalization methods have
been widely used in a variety of statistical problems, in particular, in nonparametric
regression. At the same time, there are difficulties in extending penalization method of

model selection to some other problems, such as nonparametric classification.

To provide some motivation for the approach discussed below, note that ideally one
would want to find & by minimizing the global excess risk Ep(F; fnk) of the solutions
of ERM problems with respect to k. This is impossible without the help of the oracle.
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Instead, data dependent upper confidence bounds on the excess risk have to be developed.

The following trivial representation (that plays the role of ”bias-variance decomposition “)
EP(F; fuk) =i Pf = Pf. + Ep(Fis fu )
k

shows that a part of the problem is to come up with data dependent upper bounds
on the local excess risk Ep(Fg; fnk) This was precisely the question studied in the
previous sections. Another part of the problem is to bound infr, Pf — Pf, in terms of
infr, P, f — P, f«, which is what will be done in Lemma 6.3 below. Combining these two
bounds provides an upper bound on the global excess risk that can be now minimized

with respect to k (the term P, f, can be dropped since it does not depend on k).
Suppose that for each class Fy, the function U, (-) = U, (-) is given (it was defined

in Section 4.1 in terms of sequences {d;} {t;} that, in this case, might also depend on

k). In what follows, we will assume that, for each k > 1, (6,(k), 6, (k), 0, (K)) is a triple
bound on the excess risk for the class Fy, of confidence level 1 — pj, (see Definition 4.1).
Suppose p := Y o, pr < 1. Then, there exists an event E of probability at least 1 —p
such that on this event the following properties hold for all £k > 1 :

() U2 (%) < 0alk) < bulk) < Balh);
(i) E(Fp, fuk) < 6nlk);
(iii) for all f € Fy,

Ep(Fi, ) < 2Ep, (Fis f) V on (k)

and
En,(Fis ) < o (Ep(Fs D)V Eulh)):

P \V k> =9 P\Y ks n )

(iv) for all § > &, (k),
1P = Pllry ) < Uni(6)-

In the next sections, we study several special cases of general penalized empirical

risk minimization problem in which it will be possible to prove oracle inequalities.

6.1 Penalization in Monotone Families Fj,

In this section, we make a simplifying assumption that {F%} is a monotone family, i.e.,
Fi, C Frv1, k> 1. Let

Fi=|JF

j=1
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Define

k= i inf P, f + 46, (k
argming g flenfk f+ ( )]

and f = fk
The next statement is akin to the result of Bartlett [6].

Theorem 6.1 The following oracle inequality holds with probability at least 1 — p :
;A<'f['fP _infP n}
Ep(F:f) < inf il f—1f Pf +90,()

Proof. We will consider the event E of probability at least 1 —p on which properties
(i)~(iv) hold. Then, for all j > k,

. < L f 5. (i) < : _ 5 (i) <
Ep(Fii 1) < 26, (Fi )V 0ali) < 2| inf Puf = inf Puf| +38a0)) <
2| inf P, f + 40, (k) — inf P, f — 46,(j 6n(4),
2 Puf +40n(k) = fnf Pof (,7)] +90n(7)
which is bounded by 95n(j) since, by the definition of 12:, the term in the bracket is
nonpositive and 9, (j) < 0, (5). This implies
Pf < inf Pf+95,(j).
f< o Pf+ ()

The next case is when j < k and 8,(j) > 8,(k)/9. Then 5]3(?]%;]6]%) < bn(k), and, as a
consequence,
Pf < inf Pf+3,(k) < inf Pf+95,(j).
f_flenf,; [ on( )_flgfj f 4 90n(5)

The last case to consider is when j < k and 6, (j) < d,(k)/9. In this case, the definition
of k implies that

inf i = inf P,f— inf P, 24AnA_An.ZAnA-
B Er(Fif) = nf Paf = fnf Puf = 4(3,(F) = 3.() = 35 (0
Hence,
3 . ..
2 i . > - f) >
5 (ot €N VR ) > inf 0,533 ) > 35,00

which yields
inf ) _n k) > An k .
3f1élfj Ep(Fii f) + 30n(k) > 60, (k)

Therefore

N

jnf Ep(F3; ) 2 0n(k) 2 Ep(F5; £).
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As a consequence,
Pf < inf Pf < inf Pf+95,(j).
f< jnf. f< jnf f+95n(7)
This completes the proof.

O

Example. Consider a regression problem with quadratic loss and with a bounded
response variable Y € [0, 1] (see Section 5.1). Let G, k > 1 be convex classes of functions
g taking values in [0, 1] such that Gy C Gr11, k > 1. Moreover, suppose that for all k > 1
G, C Ly, where Lj, is a finite dimensional space of dimension dj. Let

n

Gng = argmingeg,n” 'Y (V; — g(X;))*.
j=1

Take a nondecreasing sequence {t} of positive numbers such that

Ze‘tk =pe(0,1).

Define

On(k) = b6n (k) = 6, (k) = K<% + %’“) k> 1.

It is straightforward to see that, for a large enough constant K, (6, (k), o, (k), 0n(k)) is a
triple bound of level 1 — e~ (see Example 1, Section 5.1). Hence, if we define
- dp t
j: := argmi inf n 'S (V- g(X,)2+4K( =+ E
argming [glengkn ;( T —9(X;))" + < - + .
with a sufficiently large constant K and set g := g, ;, then it follows from Theorem 6.1
that with probability at least 1 —p

t
AQ ] 2 . . 2 dk k
” *”LQ(H) < ]iI;f; |:91€n(_§k ”g g*”LQ(H) + 9K<; + E>:| .

Clearly, one can also construct triple bounds and implement this penalization method
in more complicated situations (see examples 2-5 in Section 5.1) and for other loss func-
tions (for instance, for convex losses discussed in Section 5.2). Moreover, one can use a
general construction of triple bounds in Theorem 4.8 that provides a universal approach
to complexity penalization (which, however, is more of theoretical interest).

Despite the fact that it is possible to prove nice and simple oracle inequalities under
the monotonicity assumption, this assumption might be restrictive and, in what follows,

we explore what can be done without it.
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6.2 Penalization by Empirical Risk Minima

In this section, we study a simple penalization technique in spirit of the work of Lugosi
and Wegkamp [70] in which the infimum of empirical risk infz, P, f is explicitly involved
in the penalty. It will be possible to prove rather natural oracle inequalities for this
penalization method. However, the drawback of this approach is that, in most of the

cases, it yields only suboptimal convergence rates.

Given triple bounds (8, (k), 0, (k),d,(k)) of level 1 — py, for classes Fj, define the

following penalties:
A (k) i= 7n (k) = K |0, (k) + Bt b4
(k) = mp(k) = n o mE P, -
7(k) := 7o (k) == K |0, (k) +,/—t’“ inf Pf + b
oo " n Fi n|’

where K, K are sufficiently large numerical constants. Here 7(k) represents a ”desirable

and

accuracy “ of risk minimization on the class Fy.

The index estimate k is defined by minimizing the penalized empirical risk
k= argmink21{Pnfk + ﬁ'(k‘)}

and, as always, f := f’k
The next theorem provides an upper confidence bound on the risk of f and an oracle

inequality for the global excess risk Ep(F; f ).

Theorem 6.2 There exists a choice of f(,f( such that for any sequence {tx} of positive

numbers, the following bounds hold:

p{Pf 2wt B+ 500}

IA
Mg
Il
7 N
)
=
+
a
|
=
N————

and

]P’{Ep(f;f) > inf{ inf Pf—}gﬁ_Pf+ﬁ(k~)}} < i(pk-i-e_tk).

k>1 \feF; 1

Unless infz, Pf = 0, #(k) = 7,(k) can not be smaller than const n~'/2. In many
cases (see Section 5), the excess risk bound Sn(k;) is smaller than this, and the penalization

method of this section is suboptimal.

The following lemma is the main tool used in the proof.
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Lemma 6.1 Let F be a class measurable functions from S into [0,1]. If &, is an ad-
missible distribution dependent bound of confidence level 1 —p, p € (0,1) (see Definition
4.1), then the following inequality holds for allt > 0 :

- 2t t
P! |inf P, —'fp(>25n Litpr4 Ll < —t
{12 R Vg f+n}—p+e

If (6, Ons On ) is a triple bound of confidence level 1 — p, then

]P’{‘lanf 1anf‘>45 +2\/ 1anf+ }Sp—i—e_t

Proof. Let E be the event where conditions (i)-(iv) of Definition 4.1 hold. Then
P(E) > 1 — p. On the event E, £(f,) < J, and, for all ¢ < §, and g € F(e)

(mfpnf _ infpf( -

—ianf‘ <
Pfy —if P+ [(F — P)(fn—9)| + |(Pn — P)(g)| <
<80+ 1Pu — Pliggsy + (P — P)9)I (6.2)

Also, on the same event F,
1P, — PH]—"(&) < Upn(0n(t)) < Viu(0)0n < 6. (6.3)

By Bernstein’s inequality, with probability at least 1 — e~

t 2t t 2t
- < /2- =< 22 2 4
(P, — P)(g)| < 2nVarpg + By = \/2n <1%fPf —|-g> + o (6.4)

since g takes values in [0,1], g € F(¢), and Varpg < Pg? < Pg < infz Pf +¢. It follows
from (6.2), (6.3) and (6.4) that, on the event

_Eﬂ{ ]<\/2%<i1}fPf+a>+§—;}, (6.5)

the following inequality holds:

- t t
inf P, f —inf Pf| <25, + 2 (inf P - 6.6
e s —igf P < +\/n<1% 1)+ 66
Since the events E(g) are monotone in ¢, let € — 0 to get
P(E() >1—-p—e "
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This yields the first bound of the lemma.
For the proof of the second bound, note that on the event E(0),

t - t t
. . < ol . /o1 . 12 .
1%anf 1%fPf‘_\/2n]n}_anf 1%fPf\+25n+ 2n12anf+n (6.7)

Thus, either

2t _ |infr P,f —infF P
infPpf —inf Pl < o or 2t < linfE Puf —infr PA|
F F n n 1

In the last case (6.7) implies that

iannf—ianf( <45, 42,2  imf Pof 4+ 2.
F F n F n

The condition of the lemma allows us to replace (on the event E) 4, by 6, and to get

the following bound that holds with probability at least 1 —p — e~ :

A t 8t
. . < /o1 8t
‘%anf 1%fPf‘_45n+2 2n1%anf—|—n
o

Proof of Theorem 6.2. For each class Fj and ¢t = t;, define the event Ey(0), (with
e =0) as in (6.5). Clearly,

P(EL(0)) > 1 —pr — e,

Let
F = () E(0).
k>1
Then -
P(F) <> <pk + e_tk>.
k=1

We use the following consequence of Lemma 6.1 and the definition of the triple bounds:
on the event F for all k > 1,

JE€Fy

) ) - 2t . 172
£ Pof —inf Pf| < 25,(k) + /== inf Pf + =,
inf f inf f| <26, (k) + o f+ "
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. . a 2ty . 8t
fPof —inf Pf| <40, (k) + 24/ — inf P, —.
1-% f 1-% fl= (k) + n 1.% U n
Therefore,
Pf=Pf. <inf Pf+6,(k) < inf P,f + 50, (k) + 2 2t fpf+8t'%<
= k_l.;"l,; n()_ljl__lk n n() n 1]1__1k n i

< . A > :- . A
< 1}1kf P.f +w(k) 11%f |:1]I__15 P.f+ W(k)],

provided that the constant K in the definition of # was chosen properly. The first bound

of the theorem has been proved.

To prove the second bound, note that

tr . Uk . Ik, . .
Kintp, f </ EinfpP Elinf P, f —inf Pf| <
o o nf_\/nnfak f+\/nllgk nf inf fl <

tr . tr 1. .
\/—inf P — + —|inf P, f — inf Pf|.

Therefore, on the event F' for all k&

provided that the constant K in the definition of 7 (k) is large enough. As a result, on
the event F,
Pk'f[' P, Ak]<'f[' £p k;]
f < inf inf fHak)| <in inf f+7(k)
proving the second bound. o

Example. As an example, we derive some of the results of Lugosi and Wegkamp
[70] (in a slightly modified form). Suppose that F is a class of measurable functions
on S taking values in {0,1} (binary functions). As before, let A% (Xy,...,X,,) be the
shattering number of the class F on the sample (X1,...,X,):

AT (Xy,...,X,) = card<{(f(X1),...,f(Xn)) fe J—"})
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Given a sequence {Fy}, Fr C F of classes of binary functions, define the following

complexity penalties

2 log A7k (X oo Xy log ATk (X X t
J€FK n n
and
” Elog A7k (Xy,..., X, Elog AT+ (X1,...,X,) + ¢
feF n n

and let k be a solution of the following penalized empirical risk minimization problem
k := argmin~, [rr]l__m P.f+ ﬁ'(k‘)} .

- k
Denote f = fnk

Theorem 6.3 There exists a choice of K, K such that for all t; > 0,

k>1\feFy feFr

P{sp(f; f) > mf{ inf Pf — inf Pf+7~r(]<;)}} < ie-tk‘
k=1

Note that penalization based on random shattering numbers is natural in classifica-
tion problems and the result of Theorem 6.3 can be easily stated in classification setting.
The result follows from Theorem 6.2 and the next lemma that provides a version of triple

bound on excess risk for classes of binary functions.

Lemma 6.2 Given a class of binary functions F and t > 0, define

9

_ _ F F
5 ::K[\/inf pyELsAT(X), . X) it ElogA (Xl,...,Xn)th}
fer n n

n -

A N F F
5 Kw}njftpnflogA (X1, Xa) +t logA (Xl,...,Xn)th}
S

n n

and

- _ Elog AF(Xq,.... X))+t ElogAX(Xy,...,X,))+1
5n:K|:\/1anf 0og ( 1, ) )+ + og ( 1, ) )+ :|
feF n n

There exists a choice of constants K, K, K such that (0, 5n, Sn) 1s a triple bound of level
1 — et for the class F.
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Proof. The following upper bounds on the Ly(P)-diameter of the §-minimal set
F(9) and on the function ¢, (J) hold:

D*(F;8) = sup P(f—g)>< sup (Pf+Pg)<2(inf Pf+9).
F9EF(5) F9EF(6) fer

By Theorem 3.8,

F F
(bn(a)SK[\/z(}n;Pf_i_é)ElogA (X1,....X,) | ElogA (Xl,...,Xn)]'
€

n n

A straightforward computation implies the next bound on the quantity o, from Theorem
4.3:

o Elog AF(X1,...,X,) +1  Elog AF(X,..., X,) +t
aggan:Kwinfpf og AT (X, Xn) +1 | Elog A7(Xy, .., )+]
fer n n

provided that the constant K is large enough. Moreover, with a proper choice of this

constant, d,, is an admissible bound of level 1 — e*.

)

The following deviation inequality for shattering numbers is due to Boucheron,

Lugosi and Massart [20]: with probability at least 1 — e™*
log AT(X1,...,X,) < 2Elog AT (Xy,...,X,) + 2t

and
Elog AT (X1,...,X,) <2log AT (X1,...,X,) + 2t.

Together with the first bound of Lemma 6.1, this easily implies that with probability at
least 1 — 8e™%, §,, < 5n < Sn First we prove that 6, < 5n To this end, we use the first
bound of Lemma 6.1 and the inequality 2ab < a? + b? to show that with probability at

least 1 — 2¢~¢

. : . t . t _ infrPf 2
< V] — L o< mir ;A
12fPf_11]1__anf+25n+2 2n11]:1__fPf+3n_1%anf+25n+ 5 +n

Therefore,

- 4t
inf Pf <2inf P, 46 —.
1?__ f< 12 nf + 40, + n

We substitute this inequality into the definition of 6, and replace Elog A¥ (X1,..., X,)
by the upper bound 2 log Af(Xl, ..., Xp)+2t that holds with probability at least 1—e™".

It follows that, with some constant K,

- log AF (X1,..., X))+t logAF(Xy,...,X,) +t
5n§K|:\/1annf0g ( 1, ) )+ + og ( 1, ) )+ +
feF n n
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\/Sn K2log AF(X1,...,X,) + 1t

+24/ — )

2 2n

Again, using the inequality 2ab < a? + b?, we get the following bound that holds with

some constant K and with probability at least 1 — 4e~" :

n-

_ N F F .
6n§K[\/iannflogA (X17---7Xn)+t+logA (X1,..., Xp) +t 5
feF n n

The proof of the second inequality 8, < &, is similar. By increasing the values of the
constants K, K VK it s easy to eliminate the factor 8 and to obtain a triple bound of

t

level 1 —e™*, as it was claimed.

6.3 Linking Excess Risk and Variance in Penalization

In a variety of regression and classification problems the following assumption plays the
crucial role: for all f € F,

Pf—Pf.> w(W) (6.8)

where ¢ is a convex nondecreasing function on [0, 4+o00) with ¢(0) = 0. In section 5, we
have already dealt with several examples of this condition. For instance, in the case of
regression with quadratic loss £(y,u) = (y — u)? and with bounded response Y € [0, 1],
condition (6.8) is satisfied for the loss class F = {f e g : g € G}, where G is a class of
functions from S into [0,1]. In this case, one can take p(u) = u?/2, so the function ¢
does not depend on the unknown distribution P (except that the assumption Y € [0, 1] is
already a restriction on the class of distributions P). On the other hand, in classification
problems, ¢ is related to the parameters of the noise such as parameter a in Tsybakov’s
low noise assumption (5.7) or parameter h in Massart’s low noise assumption (5.6). So,
in this case, ¢ does depend on P. The function ¢ describes the relationship between the
excess risk Pf — P, and the variance Varp(f — f.) of the “excess loss” f — f.. In what
follows, we will call ¢ the link function. It happens that the link function is involved in
a rather natural way in the construction of complexity penalties that provide optimal
convergence rates in many problems. Since the link function is generally distribution
dependent, the development of adaptive penalization methods of model selection is a

challenge, for instance, in classification setting.
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We will assume that with some v > 0

p(uv) < yp(u)p(v), u,v > 0. (6.9)

Denote

¢*(v) = supluv — p(u)]
u>0

the conjugate of ¢. Then
uv < p(u) + ¢*(v), u,v > 0.

Let (0, (k), 0n(k), 6, (k)) be a triple bound of level 1 — py for the class Fy, k > 1.

For a fixed € > 0, define the penalties as follows:

(k) = A(e)on (k) + ¢* <\/§> * %k

and
T Yo R e Wk (\/jn) IR NCES
where
Ae) = g —y(Ve).

As before, k is defined by

k= argminkz:l{Pnfk + ﬁ(k)}
and f = fn i

Theorem 6.4 For any sequence {ty} of positive numbers,

P{ep(f; )= Ce)mt{ it Pf- }IeljfEPerﬁ(k)}} < i(pk + e‘tk>,

k>1\feF; 1

where
14 yp(y/E)
=T

The following lemma is needed in the proof.
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Lemma 6.3 Let G C F and let (Sn,gn,gn) be a triple bound of level 1 — p for the class
G. For all t > 0, there exists an event E with probability at least 1 — p — e~t such that

on this event

2
inf Pof = Pufe < (14 79(VE) (inf P — PL.) + ¢* (\/;’i) Fo (610)

and

3= 2t t
inf Pf— Pf, < (1- “Hinf Pof — Pofu+ S0+ (/=) + = | 11
f Pf—Pfo < (1 —yo(Ve) ™ |nf Puf — Pufi + 3 +90< €n>+n] (6.11)
In addition, if there exists 65 such that

then

3\ 3 2N\t
i —prf.<(1- _ = i - S5 ot (/=) + =], (6.
néfPf Pf*_<1 0(Ve) 2E> [néanf Pnf*—i-zén—i-cp( En)—i_n} (6.12)

Proof. We assume, for simplicity, that Pf attains its minimum over G at some
f € G (the proof can be easily modified if the minimum is not attained). Let E’ be the
event from the Definition 4.1 of the triple bound and let

_ 2t - t
E:=S(P,—P)(f—fo)] <y/— — fy) +— E.
{im = ey = o1 <\ varst - 10+ 110
It follows from Bernstein inequality and the definition of the triple bound that
P(E)>1—-p—e "

On the event F,

t
n

(P YT~ £01 < 2 Varp(F— 1)+
and 5
¥ €0 EnGiN) < 3 (€GN V).
Also,
Var/*(f - f.) < ¢~ (Pf - Pf.)

and hence, on the event F,

IN

(P = P)(F = £)] < o(VEp ™ (Pf = PR) +¢" (\/E) -

En

S|+
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<v9(Ve)(Pf — Pfi) + cp*(\/:;i) + %

implying
PolF = £ < (1490 (WONP( — fo) + o (1 2 ) + & (613)
and
PU-1) < -pa (P-4 (Y2) + 2] s

(6.13) immediately yields the first bound of the lemma.

Since, in addition, on the event E

Pn(f_f*):Pnf_igfpnf+iléfpnf_Pnf*:én(QQf)"i_ingnf_Pnf*S

. 3 LR\ F
§12anf—Pnf*—|—§<5p(g,f)\/5n>,

and since Ep(G; f) = 0, we get
_ 3_
Pn(f - f*) < 1gfpnf — P fi+ §5n
Along with (6.14), this implies

inf Pf = PL. = P(f ~ £.) £ (L= 79(VE) ™ |inf Buf = Pufe+ 50, + 0" (1 22 ) + —],

En

which is the second bound of the lemma.
Finally, to prove the third bound it is enough to substitute the bound on 4, into
(6.11) and to solve the resulting inequality with respect to infg Pf — Pf,. |

Proof of Theorem 6.4. Let Ej be the event defined in Lemma 6.3 for G = Fy,
and t = tg, so that
P(Ey) > 1—pr — et

Let

E::ﬂEk.

E>1
Then

P(E) >1— Z(pk + e‘tk).
k>1
On the event FE, for all k > 1

Ep(Fi; fr) = Pfi — inf Pf < 0, (k)
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and

Sn(k) < On(k) < On(k).

On the event FE, using first bound (6.11) and then bound (6.10) of Lemma 6.3, we get
Ep(Fif) = Pf —inf Pf = Pf; — Pf. = Pfy —inf Pf +inf Pf - Pf, <
k k

< On(k) +inf Pf - Pf. <

k

< (1= 20 (VE) [ = 2 pVENB ) + inf Puf — Puf 25,0+ o (1) ) 4 18] <

< (1= 2e(va) {int i Puf + (572 0(VEDB8) + () 25) + 2] ) =
= (1 —yp(Ve))™ {mf [mfP [+ 7k )] P, f*} <

1+vp(VE) . ,T. . 5/2 —vp(Ve) =
< ngf[lyr:fpf_u}fpf_‘_w n(k)+

L2 w*(ﬁw 2 ___t)
1+ yp(Ve) en/  (L+7¢(Ve)) n
nf LT2(VE) [inf Pf —inf Pf +7(k)],
k1 —yp(ve) LFy F
and the result follows.
u]
Remark. Suppose that, for each k, 6, (k) is an admissible excess risk bound for the
class Fj on an event Ej with P(Ey) > 1 — py (see Definition 4.1). It is easily seen from
the proof of Theorem 6.4 that the same oracle inequality holds for arbitrary penalties
#(k) and 7(k) such that on the event Ej
Bk

(k) > mk) (’D*<\/%> + L
T l+p(Ve)  14ae(Ve)  (L+ye(Ve)n

As it has been already mentioned, the dependence of the penalty on the link function

#(k) = A)3a (k) + ¢

and

 is the most troubling aspect of this approach since in such problems as classification

this function depends on the unknown parameters of distribution P (such as “low noise”
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constants « in (5.7) and h in (5.6), see Section 5.3). Because of this, it is of importance
to know that using Remark 1, it is easy to construct a version of the penalties that do

not depend on ¢ directly. Suppose that the number of classes F, is finite, say, N. Take
ty:=t+logN, k=1,...,N.

Define

5.
k= i in P, —0pn(k
argming <p<n L{Ielg}c [+ 5 ( )]

and f = fk Note that we also have

k= argmin; <,y [min P.f+ fr(k‘)} ,
- T

where

L Da of |2tk 5 «( [2(t+1logN) t+log N
(k) = 20u (k) + 9" (1 22) + = = 20,00+ )+ ,

n 2 en n

since tj in the additional two terms of the definition of 7 (k) does not depend on k.

Denote

- 5~ «f [2(t+log N t+log N
7(k) = §5n(k‘) + 2¢ < %) o T8

Then it follows from Theorem 6.4 and from the Remark that

n

N
plep(rid) = @) pt (i Pf- i Pferb} <ot Sn 615

Example. Consider, for instance, model selection in binary classification problems
(see Section 5.3). Suppose that condition (5.6) holds with some h > 0 and, as a result,
condition (6.8) holds with ¢(u) = hu? for any f = £ e g and f, = { e g., where g is a
binary classifier, g, is the Bayes classifier and ¢(y,u) = I(y # u) is the binary loss.

Let {G} be a family of classes of functions from S into {—1,1} (binary classifiers).
For any k, define

Gn,k i= argmingeg, Ln(g) = argmingegkn_l Z I(Y; # g9(X;)).
j=1

Let Fi == {L e g : g € G}. Denote (8, (k), b, (k), 0, (k)) the standard triple bound of
Theorem 4.8 for the class Fj, of level 1 — p. Suppose that Z]kvzl pr = p € (0,1). Define

k := argmin, o<y | inf L,(g) + §5,1(]{:)
— = Lg€egx 2
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and g := g, ;- Then it easily follows from bound (6.15) that with probability at least

1—p—et

L(g) - Lg.) <C _inf

= t+log N
1<k<N

glélgfk L(g) = L(gs) + 0n(k) + —~

(we have fixed € > 0 and the constant C' may depend on ¢). It is also easy to deduce
from the proof of Theorem 5.5 that for the standard choice of 6, (k)

) - Elog A% (X1,...,Xn)
< — L(q, L
on(k) <C |:glélgfk L(g) — L(g«) + o + o

which (after some tuning of the constants) leads to the following oracle inequality that

holds with probability at least 1 —p — e~ :

R , , Elog A% (X1,...,X,) t +log N
—L(g,) < — L(g. =T
L)~ 1o <C gt | inf L0) - Lig.) + x ot

Thus, this penalization method is adaptive to unknown noise parameter h.

We conclude this section with stating a result of Massart [73, 74] that can be derived
based on the approach of Theorem 6.4. Suppose that {F;} is a sequence of function

classes such that condition (4.4) holds for each class Fj with some constant Dy > 1, i.e.,

Dy(Pf —Pf.) > pp(f, fx) = Varp(f — f.).

We will assume that the sequence {Dy} is nondecreasing. Denote

- _ € KDt
(k) =Dy 1w£z<KDk> " ne

If K is large enough, then Lemma 4.1 implies that the following bound holds:

On(k) := o0t (Fi; P) < e(inf Pf = Pfo) + 6, (k).

Also, it follows from the proof of Theorem 4.3 that &,(k) is an admissible excess risk

bound of level 1 — qu_tk.

Suppose that for each k there exist a data dependent bound 5§(k‘) and a distribution
dependent bound 6¢ (k) such that

Pl <509 B} 21— k21
Define the following penalties:
KDyt 45

A . . K Dyty,
£ o € R 3
7 (k) :== 305, (k) + ol 7 (k) == 305, (k) + -
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with some numerical constants K K. Let

k := argming~ | min P, f + 7, (k)
—feFr

and f = fk

Theorem 6.5 There exist numerical constants K K, C such that for any sequence {ti}

of positive numbers,

]P’{Pf—Pf* L L1te inf{ inf Pf—Pf*+fr;(k)}} < i(m+(0+1)e—tk>.

1 —cek>1lfer, pt

To prove this result one has to extend theorem 6.4 to the case when condition (6.8)
holds for each function class Fj, with a different link function ¢, and to use this extension
for ¢ (u) = u*/Dy, and ¢} (v) = Dyv?/4.

7 Linear Programming in Sparse Recovery
7.1 Sparse Recovery and Neighborliness of Convex Polytopes

Let H := {hi1,...,hn} be a given finite set of measurable functions from S into R.
In what follows, it will be called a dictionary. Given J C {1,..., N}, we will write
d(J) := card(J). For A = (A1,..., \y) € RV, denote

N
fx=_Ajhj, Jxn=supp()) := {j P\ # o} and d(\) :=d(Jy).
j=1

Suppose that a function
foels.(H) = {fA :)\ERN}

from the linear span of the dictionary is observed (measured) at points Xi,..., X, € S.

For simplicity, we first assume that there is no noise in the observations:
Y}' = f*(X]), j = 1,...,77,.

The goal is to recover a representation of f, in the dictionary. We are mostly interested

in the case when N > n (in fact, N can be much larger than n). Define

L= {AeRN;fA(Xj)ZYj, jzl,...,n}.
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Then, L is an affine subspace of dimension at least N — n, so, the representation of f,
in the dictionary is not unique. In such cases, it is often of interest to find the sparsest

representation, which means solving the problem

N
Alleg =D I(Aj #0) — min, A € L. (7.1)
j=1

If we introduce the following n x N matrix

A= <hj(Xi):1§i§n,1§j§N)

and denote Y the vector with components Y7,...,Y,, then problem (7.1) can be also
rewritten as
N
Al =D I(Aj #0) — min, AN=Y. (7.2)
j=1

When N is large, such problems are computationally intractable since the function to
be minimized is non-smooth and non-convex. Essentially, solving (7.2) would require
searching through all 2V coordinate subspaces of RY. Because of this, the following

convex relaxation of the problem is frequently used:

N
A, = > [Aj] — min, X € L, (7.3)
j=1
or, equivalently,
N
IAlle, =) |Aj] — min, AN =Y. (7.4)
j=1

The last minimization problem is convex and, moreover, it is a linear programming
problem. However, the question is whether solving (7.3) has anything to do with solving
(7.1). Next result (due to Donoho [37]) gives an answer to this question by reducing it to
some interesting problems in the geometry of convex polytopes. To formulate the result,
define

P =AUy, = conv({al, —ai,...,an, —aN}),

where
Uy =={AeRY 1 |\l <1}

is the unit ball in ¢; and ay,...,ay € R™ are columns of matrix A. (In what follows, Up

denotes the closed unit ball centered at 0 of a Banach space B).
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Clearly, P is a centrally symmetric convex polytope in R with at most 2V vertices.
Such a centrally symmetric polytope is called d-neighborly if any set of d + 1 vertices

that does not contain antipodal vertices (such as a; and —ay) spans a face of P.

Theorem 7.1 Suppose that N > n. The following two statements are equivalent:
(i) The polytope P has 2N -vertices and is d-neighborly;
(i) Any solution \ of the system of linear equations A\ = Y such that d(\) < d is the

unique solution of problem (7.4).

The unit ball Uy, of ¢; is a trivial example of an N-neighborly centrally symmetric
polytope. However, it is hard to find nontrivial constructive examples of such polytopes
with a ”high neighborliness”. Their existence is usually proved by a probabilistic method,
for instance, by choosing the design matrix A at random and showing that the resulting
random polytope P is d-neighborly for sufficiently large d with a high probability. The
problem has been studied for several classes of random matrices (projections on an n-
dimensional subspace picked at random from the Grassmannian of all n-dimensional
subspaces; random matrices with i.i.d. Gaussian or Bernoulli entries, etc) both in the
case of centrally symmetric polytopes and without the restriction of central symmetry,
see Vershik and Sporyshev [96], Affentranger and Schneider [1] and, in connection with
sparse recovery, Donoho [37], Donoho and Tanner [38]. The approach taken in these
papers is based on rather subtle geometric analysis of the properties of high-dimensional
convex polytopes, in particular, on computation of their internal and external angles.
This leads to rather sharp estimates of the largest d for which the neighborliness still
holds (in other words, for which the phase transition occurs and the polytope starts losing
faces). Here we follow another approach that is close to Rudelson and Vershynin [82] and
Mendelson, Pajor and Tomczak-Jaegermann [78]. This approach is more probabilistic,
it is much simpler and it addresses the sparse recovery problem more directly. On the
other hand, it does not give precise bounds on the maximal d for which sparse recovery

is possible (although it still provides correct answers up to constants).

7.2 Geometric Properties of the Dictionary

For J C {1,...,N} and b € [0, 4+00], define the following cone consisting of vectors whose

“dominant coordinates” are in J :

Cpj = {u eRY: Z|u]| < bZ|uj|}

jaJ jeJ
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Clearly, for b = 400, Cy j = RN, For b = 0, Ch, s is the linear subspace R” of vectors
u € RY with supp(u) C J. For b = 1, we will write C := C1,7. Such cones will be called
cones of dominant coordinates and some norms in RY will be compared on these
cones.

Some useful geometric properties of the cones of dominant coordinates will be sum-
marized in the following lemma. It includes several well known facts (see Candes and
Tao [29], proof of Theorem 1; Ledoux and Talagrand [68], p. 421; Mendelson, Pajor and
Tomczak-Jaegermann [78], Lemma 3.3).

With a minor abuse of notations, we will identify in what follows vectors v € RN
with suppu C J, where J C {1,..., N}, with vectors u = (u; : j € J) € R”.

Lemma 7.1 Let J C {1,...,N} and let d := card(J).

(i) Take w € Cy j and denote Jy := J. For s > 1, J; will denote the set of s coordinates
in {1,...,N}\ Jo for which |u;|'s are the largest, Jo will be the set of s coordinates in
{1,...,N}\ (Jo U J1) for which |u;|'s are the largest, etc. (at the end, there might be
fewer than s coordinates left). Denote u®) := (u; : j € Jy.). Then u = > k>0 u®) and

Dl sz_ﬁg\uﬂﬁb g(Z’w!) :

E>2 jeJ

lulle, < (b\/ng 1> ( > |uj|2>1/2.

Ky .= Ob,JﬂUBZQ-

In addition,

(ii) Denote

There ezists a set My C Uy, such that d(u) < d,u € My,

N
card(My) < 5¢ <§ d)

and
Ky C 2(2+ b)conv(My).

Proof. To prove (i), note that, for all j € Ji1,

1
;| < S Z |uil,

i€y
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implying that

w2 < LN

J€Jk+1 JE€Jk

Add these inequalities for k =1,2,... to get
0 1 b p , 1/2 d , 1/2
ITEITEES ITTERD SISO DTS BEETE (D SR I
k>2 Jjé¢J JjeJ jeJ
Therefore, for u € Cy,
P 1/2
e < (/24 1) (3 )
j€JoUJy

To prove (ii) note that
KjycC (2+0) conv(UBI I c{l,...,N}d() < d),

where

B := {(ui viel): Y Jul < 1}.

iel
Indeed, it is enough to consider v € K; and to use statement (i) with s = d. Then, we
have u(® e By,, u e By, and

> ul e bconv<UBI cIc{l,...,N},d(I) < d>.

k>2

It is easy to see that if B is the unit Euclidean ball in R? and M is a 1/2-net of this ball,
then
B C 2 conv(M).

Here is a sketch of the proof of the last claim. For convex sets C1,Cy C RY, denote by
C1 + Cy their Minkowski sum

Ci+Cy = {wl +a9:11 € Cr,20 € CQ}.
It follows that

1 1 1 1
B CM+§B CconV(M)—|—§B Cconv(M)+§conv(M)—|—ZB C...

1 1
conv(M) + Econv(M) + Zconv(M) + -+ C 2conv(M).
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For each I with d(I) = d, denote M; a minimal 1/2-net of B;. Then,
KyC22+0b) conV<UM1 I c{l,...,N}d(I) < d> =:2(24b) conv(My).

By an easy combinatorial argument,

N
card(My) < 5% <§ d>’

so, the proof is complete.
O
In what follows, we will need several geometric characteristics of the dictionary H.

Given a probability measure II on S, denote

N
B (J;10) = inf{ﬂ>0:Z!)\j\ < B> A : Aecb,J}
jed j=1 Ly (1)
and
b al 2
AP (1 10) = inf{5>o:Zij\2§52 ST Ak , Aecb,J}.
jeJ j=1 Lo (I1)

We will denote
B(J,I) == W (J D), Bo(J, 1) == B (7, 10).

As soon as the distribution II is fixed, we will often suppress Il in our notations and
write 3(J), B2(J), etc. In the case when J = ), we set 30)(J) = @b)(J) = 0. Note that
if J # (0 and hq,...,hy are linearly independent in Li(IT) or in Lo(II), then, for all
b e (0,400), B®(J) < 400 or, respectively, ﬂéb)(J) < 400. In the case of orthonormal
dictionary, ﬁéb)(J )= 1.

We will use several properties of ﬂ(b)(J ) and ﬂéb)(J ) and their relationships with

other common characteristics of the dictionary.

Let k(J) denote the minimal eigenvalue of the Gram matrix ((hz’7hj>L2(H)>' -
1,]€
Also denote L; the linear span of {h; : j € J} and let

p(J) — sup <f> g>L2(H)
reLygeLe.f.g#0l 1 | Loanllgllo, am

Thus, p(J) is the largest ”correlation coefficient” (or the largest cosine of the angle)
between functions in the linear span of a subset {h; : j € J} of the dictionary and the

linear span of its complement (compare p(.J) with the notion of canonical correlation
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in multivariate statistical analysis). In fact, we will rather need a somewhat different

quantity defined in terms of the cone Cj ; :

‘<Zj€] Ailis > g /\jhj>

sz‘gJ Ajh;
2(IT)

Lo(IT)

AO(T) = sup
Aer’J

> jes il .

Lo(I1)

Clearly, p®(J) < p(J).
Proposition 7.1 The following bound holds:

J .
N S ST

Proof. Indeed, the next inequality is obvious

N
1Y " Nhiloan < @ = P21 Akl o,
i=1

jed

since for f =), ;Ajh; and g =3 ;o ; Ajhj, we have

2
14911y = (1 =cos (@D 71 s+ (111 zam cost@) Hlglzam ) > (=0 (N2 12,

where « is the angle between f and g. This yields

(Znf) " = v = 72 HD d

which implies (7.5).

Lo (11

O

Lemma 7.1 can be used to provide upper bounds on ﬂéb)(J ). To formulate such
bounds, we first introduce so called restricted isometry constants.
For d = 1,..., N, let §4(II) be the smallest § > 0 such that, for all A\ € R with

d(\) < d,
(1= 0)[[Alle, <

Z)\h

If 04(IT) < 1, then d-dimensional subspaces spanned on subsets of the dictionary and

< (L4 0)[[Alles -

equipped with (a) the Lo(II)-norm and (b) the ¢5-norm on vectors of coefficients are ”al-

most” isometric. For a given dictionary {hy,...,hx}, the quantity d4(II) will be called
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the restricted isometry constant of dimension d with respect to measure II. The dictio-
nary satisfies a restricted isometry condition in Lo(IT) if §4(IT) is sufficiently small for a
sufficiently large value of d (that, in sparse recovery, is usually related to the underlying

“sparsity” of the problem).
For I,J C {1,...,N}, INnJ =0, denote

T’(I J) . sup <f7 >L2(H
7 rerr.gely f.g20! 1 f Il Loqm 19l Lo

Note that p(J) = r(J, J°). Let
P = max{r([, J):IJC{l,...,N}, INnJ =0, card(I) = 2d, card(J) = d}.

This quantity measures the correlation between linear spans of disjoint parts of the

dictionary of fixed “small cardinalities”, in this case, d and 2d.

Define
ma = (| ol Loy : w € BN, Jull, = 1,d(u) < d}

and
My = sup{l|full L w € B, Jull, = 1,d(u) < d}.

If mg <1< My <2, the restricted isometry constant can be written as

0q = (Md— 1)\/(1—md).

Lemma 7.2 Suppose J C {1,...,N}, d(J) =d and pg < bM . Then

(b) 1
JII<— |
() < maq — bpaMag

Proof. Denote P; the orthogonal projection on Ly C Lo(II). Under the notations
of Lemma 7.1, for all u € C},

‘PJoqu E :UJ > uihy —‘ Prun Y, ujh; 2
LQ(H L2(H) Jj€JoUJ1 Lo(T0) J€JoUJ1 La(II)
§ - Z PJ()UJ1 § u]
JE€JoUNL Lz(I)  k>2 jedn L2(H)
Z ujh; _sz Z“J
jEJOUJL Lo(I) k>25eT, Lo(IT)
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> uhy

= paMaa Y |[u® e, >
)

jeJouds Lo(IT k>2

S wh| vt X ) 2
jeJoUdy La(IT) jeJU

M- M-

Y uhy —bpdm—m > ughy —<1—bpdm—2d> > ujhy :
jeJoUTy La(IT) 2d V€ 7000 Lo(IT) 2d /e jou La(IT)
On the other hand,

1/2 1/2
(Swl) < (X k) mad| X own|
jeJ jEJoUJ1 JEJoUS Lo (II)
implying that
1/2 Mo\ 1Y
_ 2d
<Z |uj|2> < m2d1 <1 - bpd—> Zujhj
jeJ Ma2d j=1 La(ID)
Therefore,
1
Go(J) < ——————.
2(J) maq — bpaMag
O

It is easy to check that

L[ (140a\> | (143834 1 1—83q\°  [1—0s4)\°
g < = 10 30\ _ \/ Ll 3¢\ (1 —03d '
2 |\ 1= 6oy 1 -4y 2 14 d2q 1+ dq
Together with Lemma 7.2 this implies that 2(.J) < 400 for any set J such that card(J) <
d provided that 34 < % (a sharper condition is also possible).

We will give a simple modification of Lemma 7.2 in spirit of [14].

Lemma 7.3 Suppose J C {1,...,N}, d(J) =d and, for some s > 1,
w1 e
Md+s b\ d

() Vs
ﬁ2 (']) < \/ngH_S _ b\/EMS

Then
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Proof. For all u € Cy, 5,

1/2 1 1
(Shl) <] 3wty < zw s DOl
jed d+s ;700 Ly(TT) d+s |15 Ly(1)  "Md+sll o550, Lo(ID)
To bound the last norm in the right hand side, note that
1/2
O D 3 horv¥ RS o AT AR ATEI O oD
jEIUT Lo(I)  g>olljegy, Ly (I1) k>2 jeJ
This yields the bound
1/2 M d 1/2
(S < o[5S
jeJ La( dts jeJ
which implies the result.
O

In what follows, we will use several quantities that describe a way in which vectors
in RV, especially, sparse vectors, are “aligned” with the dictionary. We will use the

following definitions.

Let D C RY be a convex set. For A € D, denote
Tp(\) :={veRY:3t >0\ +vte D}

The set Tp(A) will be called the tangent cone of convex set D at point A (note that in
the literature on convex analysis it is more common to refer to the closure of the set
Tp(A) as “tangent cone”). Recall that

H:= <<hi’hj>L2(H)>

denotes the Gram matrix of the dictionary in the space Ly(II). Whenever it is convenient,

i?jzlv'“vN

H will be viewed as a linear transformation of RYV. For a vector w € R and b > 0, we
will denote Cj 4y := Cp supp(w), Which is a cone of vectors whose “dominant” coordinates
are in supp(w).

Now define
aff (D, w) = sup{ (w, ube, 1 € ~Tp(N) N Cos I full oy = 1}, b € [0, +00].

We will call these quantities the alignment coefficients of vector w, matrix H and convex
set D at point A € D. In applications that follow, we want the alignment coefficient to

be either negative, or, if positive, then small enough.

112



The geometry of the set D could have an impact on the alignment coefficients for
some vectors w that are of interest in sparse recovery problems. For instance, if L is a
convex function on D and A € D is its minimal point, then there exists a subgradient
w € OL(A) of L at point A such that, for all u € Tp(N), (w,u)s, > 0. This implies that
ag)(D, A\,w) <0.If D=RY, then Tp(A) = RN, X € RV, In this case, we will write

ag)(w) = ag?(]RN,)\,w) = sup{(w,uﬂ2 U € G, | full Loy = 1},

Despite the fact that the geometry of set D might be important, often, we are not taking

it into account and replace ag)(D, A, w) by its upper bound ag) (w).

Note that
”fu”%g(l'[) = <Hu7 u>52 = <H1/2u7 H1/2u>52’

We will frequently use the following form of alignment coefficient

af (DA w) = sup{ (w,w)e, w € ~Tp(N), |l fullaqy = 1,
or rather a simpler upper bound

af? (w) = alf” RV, A, w) = sup{ (w,u)ey : | full oy = 1}
The last quantity is a seminorm in RY and, for all b, we have

D) <alP(w) = sup  (w,u)g, = |wl|g.
120, =1

If H is nonsingular, we can further write

”w”H = Sup (H_1/2w7H1/2u>52 = HH_I/szZQ’
|20y =1

Even when H is singular, we still have ||w| g < ||H'/?wl|s,, where, for w € Im(H/?) =
H?2RN  one defines

12w, = it {|Jv]le, : H'?0 = w}

(which means factorization of the space with respect to Ker(H'/?)) and for w ¢ Im(H/?)

the norm ||H~'/2w),, becomes infinite.

Note also that, for b = 0,
aff (w) = aff (RN, A w) = sup{ (w,ube, + | full o) = 1, 5upp(u) = supp(w) }.
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This also defines seminorms on subspaces of vectors w with a fixed support, say, supp(w) =

J It Hy := <<hi, h;) LQ(H)> is the corresponding submatrix of the Gram matrix H
NI
and H; is nonsingular, then

0 —-1/2
o (w) = | H; P wle,,

S0, in this case, the alignment coefficient depends only on “small” submatrices of the
Gram matrix corresponding to the support of w (which is, usually, sparse).

When 0 < b < +00, the definition of alignment coefficients involves cones of dom-
inant coordinates and their values are between the values in the two extreme cases of
b=0and b= oc.

It is easy to bound the alignment coefficient in terms of geometric characteristics of

the dictionary introduced earlier in this section. For instance, if J = supp(w), then

R PP " TR/ )
" VR0 VRO )

[[w]]

)

where £(J) is the minimal eigenvalue of the matrix H; = ((hi, hj>L2(H)>, - and p(J)
1,7€
is the “canonical correlation” defined above.

One can also upper bound the alignment coefficient in terms of the quantity

Bap(w; TT) := B (supp(w); T1).

Namely, the following bound is straightforward:
(b) < I
ay (W) < [[wlle,Ba,p(w; ID).

These upper bounds show that the size of the alignment coefficient is controlled by
the ”sparsity” of the vector w as well as by some characteristics of the dictionary (or its
Gram matrix H). For orthonormal dictionaries and for dictionaries that are close enough
to being orthonormal (so that, for instance, x(.J) is bounded away from 0 and p?(J) is
bounded away from 1), the alignment coefficient is bounded from above by a quantity of
the order ||wl|s,+/d(J). However, this is only an upper bound and the alignment coeffi-
cient itself is a more flexible characteristic of rather complicated geometric relationships

between the vector w and the dictionary. Even the quantity ||H /2

wl|g, (a rough upper
bound on the alignment coefficient not taking into account the geometry of the cone of

dominant coordinates), depends not only on the sparsity of w, but also on the way in
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which this vector is aligned with the eigenspaces of H. If w belongs to the linear span

1/2

of eigenspaces that correspond to large eigenvalues of H, then ||H~'/“wl|s, can be of the

order [|w||g,.

Note that the geometry of the problem is the geometry of the Hilbert space Lo(IT),

so it strongly depends on the unknown distribution II of the design variable.

7.3 Sparse Recovery in Noiseless Problems

Let II,, denote the empirical measure based on the points Xi,..., X, (at the moment,

not necessarily random).

Proposition 7.2 Let A be a solution of (7.3). If \* € L and B2(Jy+;11,) < +o00, then

A=\
Proof. Since A € L and \* € L, we have

(X)) = (X5), 5=1,...,n

implying that || f5 — fa|lz,(r,) = 0- On the other hand, since ) is a solution of (7.3), we

have |[A]ls, < ||A*[|¢, implying that

Do D ANI=Ih s X0 I XL

JET\x JEI\* JEJI A

Therefore, A=\ e Cy,. and

) ) A 1/2
1A =Ml <2 3 14 = X SWW*)(Z W—A?F) <

GET\x JES =

2B2(a+; 1) VAN f5 = FasllLo(a1,) = 0,
implying the result. o

In particular, it means that as soon as the restricted isometry condition holds for
the empirical distribution II,, for a sufficiently large d with a sufficiently small J4 (to be
more precise, as soon as d34(IL,) < 1/8), (7.3) provides a solution of the sparse recovery
problem for any target vector A* such that f, = fy\» and d(\*) < d. The restricted
isometry condition for II,, (which can be also viewed as a condition on the design matrix
A) has been also referred to as the uniform uncertainty principle (UUP) (see, e.g., Candes

and Tao [29]). It is computationally hard to check UUP for a given large design matrix
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A. Moreover, it is hard to construct n x N-matrices for which UUP holds. The main
approach is based on using random matrices of special type and proving that for such
matrices UUP holds for a sufficiently large d with a high probability. We will discuss below
a slightly different approach in which it is assumed that the design points Xi,..., X,
are i.i.d. with common distribution II. It will be proved directly (without checking UUP
for the random matrix A) that under certain conditions (7.3) does provide a solution of
sparse recovery problem with a high probability.

In what follows, we frequently use Orlicz norms || - ||, for random variables, most
often, with ¢ = vy, ¢1(z) := el*l — 1 or ¥ = 1o, Pp(z) = e* — 1. For any convex
nondecreasing function ¢ : Ry +— R4 with ¢(0) = 0, it is defined as

Inlly = inf{C’ >0: IE?,Z)(%) < 1}

(see Ledoux and Talagrand [68], van der Vaart and Wellner [95], de la Pena and Giné
[32]). If we want to emphasize the dependence of the Orlicz norms on the probability
measure, we will write || - ||, ) (similarly, || - |z, ), | - [z, a1)s etc.)

Define

Alog N
— N, . o < )
As {A €RT: CB(x ) max [Ihk(X)lly,/ — >— < 1/4}

We will interpret Ag as a set of ”sparse” vectors. Note that in the case when the dictionary

B(J:11) < \/eard(J),

so, indeed, Ag consists of vectors with a sufficiently small d(\) (or, sparse).

is Lo(II)-orthonormal,

Theorem 7.2 There exists a constant C in the definition of the set Ag such that for all
A > 1 with probability at least 1 — N4 LN Ag = {\}.

The following lemma is used in the proof.

Lemma 7.4 There exists a constant C' > 0 such that for all A > 1 with probability at
least 1 — N—4

Alog N AlogN>
su Hn —1I u S C max hi(X \/7 ‘
||“||elpS1 | JARD 33, I )le< n V n
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Proof. Let R, (f) be the Rademacher process. We will use symmetrization inequal-

ity and then contraction inequality for exponential moments (see sections 2.1, 2.2). For

b<

t > 0, we get

b<zen{a s [R5
llulle, <1

}.

Since the mapping u +— R, (f,) is linear, the supremum of R,,(f,,) over the set {||u|l,, < 1}

Besp{t sup [(IL, - (1)
llulle, <1

Eexp{4t sup ‘Rn(fu)
l[ulle, <1

is attained at one of its vertices, and we get

EeXp{t sup ‘(Hn —T0)(|ful) } < Eexp{4tlrgr}€aSXN‘Rn(hk)‘} —

lulle; <1
N E 4t —4t <
1I§I}€a§XN [exp{ R, ( }\/exp{ R, ( )H <
t n
< — .
2N 1I<1}€ax Eexp{4tR (hk)} <2N 1ISI}€8éXN<EeXp{4nEhk(X)}>
To bound the last expectation and to complete the proof, follow the standard proof of

Bernstein’s inequality.

[}

Proof of Theorem 7.2. Arguing as in the proof of Proposition 7.2, we get that,
forall X € L, A — A € Cy, and I3 — fall Lo,y = 0. Therefore,

A= Mo < >IN+ D0 I =X <2) 0 Iy = Al < 280015 — Al (7:6)

JEIx JEIA JEIN
We will now upper bound || f5 — fallz, ) in terms of A = Allg,, which will imply the
result. First, note that

1f5 = flloan = 1fs = Al + AL=TL)(f5 — frl) <

nu?“p«‘(“" — (| fu)| 1% = Aley. (7.7)

By Lemma 7.4, with probability at least 1 — N~4 (under the assumption Alog N < n)

Alog N
< h .
< ClégaSXN\l Rl \f —
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This yields the following bound that holds with probability at least 1 — N~4:

Alog N

1f5 = Aalleyan < 012}?]\[ |kl THA — Ay - (7.8)

Together with (7.6), this implies

Alog N
n

A= Alley <2C max [l BIA= Al

It follows that, for A € L N Ag, with probability at least 1 — N=4,

. 1.
”)‘ - )‘Hh < §H)‘ - )\H£17

~

and, hence, A = .
O

It is of interest to study the problem under the following condition on the dictionary
and on the distribution II : for all A € Cj

N N N
1Y Nl < 102 Ahgllaan < B Akl (7.9)
j=1 j=1 j=1

with some constant B(J) > 0. This inequality always holds with some B(J) > 0 since
any two norms on a finite dimensional space are equivalent. In fact, the first bound is
just Cauchy-Schwarz inequality. However, in general, the constant B(.J) does depend
on J and we are interested in the situation when there is no such dependence (or, at
least, B(J) does not grow too fast as card(J) — o0). A canonical example in which (7.9)
holds, for all A € RN with B (J) = B that does not depend on the dimension J, is when
(h1(X),...,hn(X)) has a normal distribution in RY, for instance, if h1(X),..., hy(X)
are i.i.d. standard normal, which is the case of Gaussian dictionary. Another example is
when hy(X),..., hy(X) are i.i.d. Rademacher random variables, i.e., h;j(X) is +1 or —1
with probability 1/2 each. Such a dictionary is called Bernoulli or Rademacher and, in
this case, (7.9) follows from Khinchin inequality. For Gaussian and Bernoulli dictionaries,
all L, norms, p > 1, and even ;- and -norms of Ej\f: 1 Ajh; are equivalent up to
numerical constants (see Bobkov and Houdre (1997) for a discussion of Khinchin type

inequalities and their connections with isoperimetric constants).

Under the condition (7.9),
B(J) < B(J)B2(J)V/d(J). (7.10)
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If 55(J) is bounded (as in the case of orthonormal dictionaries), then 3(.J) is ”small” for
sets J of small cardinality d(.J). In this case, the definition of the set of "sparse vectors”

Ag can be rewritten in terms of (s.

However, we will give below another version of this result slightly improving the
logarithmic factor in the definition of the set of sparse vectors Ag and providing bounds

on the norms || - ||z, and || - ||,

Denote
Bo(d) = Po(d:; 1) := max{ﬁg(J) L JC {1, NY, dJ) < Qd}.

Let
B(d) = maX{B(J) JCA{lL,...,N}, d(J) < d}.

Finally, denote d the largest d satisfying the conditions d < % —1, %W <1, and
Adlog(N/d
CB@h) s |fullyy ) 2LV D
llwlley <1,d(u)<d n

We will now use the following definition of the set of ”sparse” vectors:

Aso:={N e RN : d(\) < d}.

<§nk> . Zk: (?)

J=0

Recall the notation

Theorem 7.3 Suppose condition (7.9) holds. There exists a constant C in the definition
of Ag 2 such that for all A > 1 with probability at least

—A
| _gda NV
<d
the following equality holds: L N Ag o = {A).
We will use the following lemma.
Lemma 7.5 For J C {1,...,N} with d(J) = d, recall the following notation of Lemma
7.1 (withb=1):

Ky:=0Cyn {u RV : ful, < 1}.
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There exists a constant C' > 0 such that for all A > 1 with probability at least

—A
_gaa( N
<d
the following bound holds:

Adlog(N/d Adlog(N/d
<O ol ((ALBD \ AN/
l[ulle, <1,d(u)<d n n

Proof. It follows from statement (ii) of Lemma 7.1 with b = 1 that

(Hn - H)(’fu‘)

sup
ueKy

Ky C 6 conv(My)

where My is a set of vectors u from the unit ball {u € RY : |julls, < 1} such that
d(u) < d and

N
card(My) < 5% <§ d>'

Now, it is enough to repeat the proof of Lemma 7.4. Bounding of

sup | (I, —I0)(| ful)
uEK(]
is reduced to bounding of
sup | Ry (fu)l;
ueEMy

card(M,) playing now the role of N. The bound on card(My ) implies that with some
c>0
N
log(card(My)) < cdlog R
The proof is now complete.
O

Proof of Theorem 7.3 is a straightforward modification of the proof of Theorem
7.2. Let A € LN Agp. Instead of (7.7), we use

1f5 = Aalleoan = I1fs — Ao quy + (T =) (1f5 — fal) <

Sup (Hn _H)(|fu|) ||5\_)\||€2 (7'11)

||u||e2 §17UECJ)\

To bound Hj\ — Allg, note that, as in the proof of Theorem 7.2, A—Xe Cy, and apply
Lemma 7.1 to u =\ — A J =y

. . 1/2
||A—Au42§2( 3 w—m?) < 2B IS5 — Al (7.12)

Jj€JoUJ1
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Use Lemma 7.5 to bound

sup (Hn_H)(’qu

”u”lg S17UECJ)\

<Ol AR,y

llulley <1,d(u)<d(A n

which holds with probability at least 1 — 5~4(M)4 ( < C]l\(f /\)) _A. Then we use

R R R 1/2
A=Al <2 1A = M\l < 2v d(A)< > IN- Aj!2> <

jed JEJUJ,

202(dA)V AN f5 = fall Loy (7.14)

It remains to substitute bounds (7.12), (7.13) and (7.14) in (7.11), to use (7.9) and to
solve the resulting inequality with respect to || f5 — fallL,m)- It follows that the last norm
is equal to 0. In view of (7.14), this implies that A\ = .

7.4 The Dantzig Selector

We now turn to the case when the target function f, is observed in an additive noise.
Moreover, it will not be assumed that f, belongs to the linear span of the dictionary,

this function will be rather approximated in the linear span.

Consider the following regression model with random design

where X, X;,..., X, are i.i.d. random variables in a measurable space (S,.A) with dis-
tribution II and &,&q,...,&, are i.i.d. random variables with E{ = 0 independent of
(X1,...,X,). Candes and Tao [29] developed a method of sparse recovery based on lin-
ear programming suitable in this more general framework. They called it the Dantzig

Selector.

Given ¢ > 0, let

n

ntY (X)) = Y)he(X5)

AE = {)\ e RY : max
7j=1

1<k<N

<<}

and define the Dantzig Selector as

A= X € Argmin, z [[Alle, -
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It is easy to reduce the computation of A° to linear programming. The Dantzig Selector
is closely related to the ¢;-penalization method (called "LASSO” in statistical literature,
see Tibshirani [89]) and defined as a solution of the following penalized empirical risk

minimization problem:
nT Y (AA(XG) = Y5)? + 2e] Mgy =: Ln(A) + 2¢]|Al|s, — min. (7.15)
j=1

The set of constraints of the Dantzig Selector can be written as

A= {A : HVLn()\)HZ < e}

oo

and the condition A € A, is necessary for A to be a solution of (7.15).

Candes and Tao studied in [29] the performance of the Dantzig Selector in the case
of fixed design regression (nonrandom points Xi,...,X,) under the assumption that
the design matrix A = (hj(XZ-) R satisfies the uniform uncertainty principle
(UUP). They stated that UUP holds with a high probability for some random design
matrices such as ”Gaussian ensemble” (the matrix with i.i.d. standard normal entries)
and ”"Bernoulli or Rademacher ensemble” (the matrix with i.i.d. entries taking values
+1 and —1 with probability 1/2), so, their results imply oracle inequalities for special

Lo (IT)-orthonormal dictionaries.

We will prove several ”sparsity oracle inequalities” for the Dantzig selector in spirit
of recent results of Bunea, Tsybakov and Wegkamp [25], van de Geer [46], Koltchinskii
[65] in the case of {1- or {,-penalized empirical risk minimization. We follow the paper
of Koltchinskii [66] that relies only on elementary empirical and Rademacher processes
methods (symmetrization and contraction inequalities for Rademacher processes and
Bernstein type exponential bounds), but does not use more advanced techniques, such
as concentration of measure and generic chaining. It is also close to the approach of
Section 7.3 and to recent papers by Rudelson and Vershynin [82] and Mendelson, Pajor
and Tomczak-Jaegermann [78]. As in Section 7.3, the proofs of oracle inequalities in
the random design case given are more direct, they are not based on a reduction to
the fixed design case and checking UUP for random matrices. The results also cover
broader families of design distributions. In particular, the assumption that the dictionary
is Lo(IT)-orthonormal is replaced by the assumption that the dictionary satisfies the
restricted isometry condition with respect to II. In what follows, the values of € > 0,
A >0 and C > 0 will be fixed and it will be assumed that AlOTgN < 1. We will need the
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following set

A= Ae(A) = {)\ cRY: ‘<f)\ — fe hk>L2(H)‘+

C(It = FICOMO oy + (X)) 2N < e, k=18,

consisting of vectors A ("oracles”) such that fy provides a good approximation of f,. In
fact, A € A.(A) implies that

1I§I}€a§XN <f)\ - f*, hk>L2(H)‘ <e. (716)

This means that fy— f, is “almost orthogonal” to the linear span of the dictionary. Thus,
f is close to the projection of f, on the linear span. Condition (7.16) is necessary for A

to be a minimal point of

A= 1 fx = Ll my + 2elM] e

and minimizing the last function is a "population version” of LASSO problem (7.15)

(A € A, is a necessary condition for (7.15)). Of course, the condition

[ Alog N
> m X - =
€z 1§ka£(N thk( )le n

is necessary for A.(A) # 0. It will be contained in the proof of Theorem 7.4 below that
A€ A.(A) implies A € A, with a high probability.

The next theorems 7.4 and 7.5 show that if there exists a sufficiently sparse vector
X in the set A, of constraints of the Dantzig selector, then, with a high probability, the
Dantzig selector belongs to a small ball around A in such norms as || - ||, || - [|¢,- At the
same time, the function f5 belongs to a small ball around fy with respect to such norms
as || - lz,ary or || - lzymy- The radius of this ball is determined by the degree of sparsity
of A and by the properties of the dictionary characterized by such quantities as G or [
(see Section 7.2 for the definitions of these quantities and their connection to restricted
isometry condition). Essentially, the results show that the Dantzig selector is adaptive
to unknown degree of sparsity of the problem, provided that the dictionary is not too

far from being orthonormal in Lo(II).

Recall the definition of the set of "sparse” vectors Ag in the previous section. Let

A=A (A) :=A(A)NAg.
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Theorem 7.4 There exists a constant C in the definitions of A-(A),As such that for
all A > 1 with probability at least 1 — N~ the following bounds hold for all A € A. N Ag

5 — Ml an < 168(Jy)e

and
A= Alle, < 3262(Jy)e.

This implies that

S

I =l < ot 1= ol -+ 169(0)e
and, if in addition f, = fy-,\* € RN, then also

A=l < nt )[IIA ¥l +32ﬁ2<JA>s]

[SH

We use the following lemma based on Bernstein’s inequality (see, e.g., Lemma 2.2.11
in van der Vaart and Wellner [95]).

Lemma 7.6 Letn®), n%k), . ,nﬁl ) be i.i.d. random variables with En®) =0 and |n®||y, <

+00, k=1,...,N. There exists a numerical constant C' > 0 such that for all A > 1 with
probability at least 1 — N~4 for all k = 1,.

e k) Alog N AlogN
n 1y Pl < clp® ||w1<\/ \V
j=1

Proof of Theorem 7.4. For A € A.NAg, we will upper bound the norms ||;\—)\||gl,

If5— Al L) in terms of each other and solve the resulting inequalities, which will yield
the first two bounds of the theorem. As in the proof of Proposition 7.2 and theorems
72,73, A€ A. and the definition of A imply that A—)e€ Cy, and

1A= Mley < 28N f5 — fall - (7.17)
It remains to upper bound || f5 — fallz,r) in terms of A — All¢,. To this end, note that

1f5 = Aalloyan = I1fs — Alloyan,y + (T =) (1f5 — fal) <
”fj\ - fAHL1(Hn) + sup (Hn - H)(‘fu‘) Hj‘ - )‘Hh' (718)

llulle, <1
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The first term in the right hand side can be bounded as follows

I1fs = Al < M5 = Al = (= Fo fi = )o@, =

N
> Ok = X5 = P ) Loy < 1A = Al max, ‘(f; — oo hie) o1 |-
=1

~

Both A € A and A € A, implying that

max (fs = o) Loy | <
- _1 ~ . J— . .
12}2{1\/ jzz:l(fA( i) = Yj)h(X;) +11<I}€3*<XN ;(fA(XJ) Yj)hi(X;)| < 2e.
Therefore,

I1£5 = Fall oy < /220X = Alle,

Now we bound the second term in the right hand side of (7.18). Under the assumption
Alog N < n, Lemma 7.4 implies that with probability at least 1 — N—4

Alog N
< h .
¢ max |hwlly\/ —,
Hence, we conclude from (7.18) that

AlogN
15 = Fllzaam < y/2e)A - Alley + € max [l 1A = Alley - (7.19)

Combining this with (7.17) yields

sup_|(IL, — D) (|
l[ulle, <1

AlogN

1f5=Fllz,am < \/455(JA)Hf; - fA\\Ll(n)Jr?ClggaSXNHhklwl BN =l -
By the definition of Ag,

AlogN

2C max |||y, B(x) £1/2,

1<k<N

so, we end up with

s — Al an < 2\/455(J>\)Hf5\ — Il anys

which implies the first bound of the theorem. The second bound holds because of (7.17).
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Observe that for all A € A,

nt Y (NG) = Y hi(X;)
=1

< ‘(f)\ - f*’hk>L2(H)‘+

w7 Y [(A) — £G)() ~ ECAC) - £.C0M(00] | +
j=1

nhy (X))
j=1

Lemma 7.6 can be used to bound the second and the third terms: with probability at
least 1 — 2N —4

n

ntY (X)) = Y))he(X;)

Jj=1

This proves that for all A € A, with probability at least 1 — 2N~4, we also have \ € A.

max

1<k<N 1<k<N

< max U<f>\ = fe hk>L2(H)‘+

For each of the remaining bounds, let A be the vector for which the infimum in the
right hand side of the bound is attained. With probability at least 1—2N~4, X € A.NAg.
Hence, it is enough to use the first two bounds of the theorem and the triangle inequality

to finish the proof.
u]

We will give another result about the Dantzig selector in which the properties of
the dictionary are characterized by the quantity [ instead of 3. Recall the definition of

the set of "sparse” vectors Ago from the previous section and define
A% = A2(A) := A (A) N Agpo.

Theorem 7.5 Suppose condition (7.9) holds. There exists a constant C in the defini-
tions of Ac(A), As2 such that for all A > 1 with probability at least

—A
| _gda( NV
<d
the following bounds hold for all A € A.n Aso

15— Allzoan < 16B2B2(d(N)y/d(N)e

and
1A = Alle, < 32B%83(d(M\)V/d(Ne.
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Also, with probability at least 1 — N—4,

Ifs — fellpoany < inf [Hf)\ — fillLoqmy + 16B%B2(d(N)) d(>\)€]
AEAZ(A)

€

and, if f. = fr,\* € RV, then

13— < inf [\M—A*Heg+323253(d@)) d(A)a]
AeR2(A)

(3

Proof. We follow the proof of Theorem 7.4. For A € AN Ag 2, we use the following
bound instead of (7.18):

1f5 = flloan = 1fs = Al + AT=TL)(f5 — fr) <
(Hn_H)(’fu’) Hj‘_)‘”fz (720)

If5 — Alloyay +  sup
||U||[2S1,’U4€CJ>\

Again, we have A—Xe Cy,, and, using Lemma 7.1, we get for u = A—Aand J = Jy:

. . 1/2
HA—Aubgz( ) w—w) < 2B dN)f5 — Falliac. (7.21)

j€JoUJ1

Lemma 7.5 now yields

Ad()) log(N/d(}))

B . (7.22)

sup
llulley, <1,ueCy
2 A

<C sup )Hquwl\/

l[ulley <1,d(u)<d(A

(Hn - H)(’fu’)

which holds with probability at least

| _gdnal N -
<d\))

As in the proof of Theorem 7.4, we bound the first term in the right hand side of

(7.20):
15 = Fllzaay < V2elA = Al (7.23)

In addition,

. . . 1/2
||A—Auzl§2Z|Aj—Aj|s2¢d<A>< 3 w—m?) <

jeJ JEJUL

262(d(M)V AN f5 = Fall Lo (7.24)
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Substitute bounds (7.21), (7.22), (7.23) and (7.24) into (7.20), use (7.9) and solve the
resulting inequality with respect to [|f5 — fallz,am). This gives the first bound of the

theorem.

The second bound follows from (7.21) and the remaining two bounds are proved

exactly as in Theorem 7.4.
O

In the fixed design case, the following result holds. Its proof is a simplified version
of the proofs of theorems 7.4, 7.5.

Theorem 7.6 Suppose X1,...,X, are nonrandom design points in S and let IL,, be the
empirical measure based on X1, ..., Xp. Suppose also fx = fr+, \* € RN, There exists a
constant C > 0 such that for all A > 1 and for all

Alog N
e 2 Oll€lly, max [y, —

with probability at least 1 — N~4 the following bounds hold:

/5 = Pl iaqn, < 482 (Jas, L) y/d(A)e,
1A = X[le, < 885 (Jae, T )d(A")e

and

1A= A [le, < 883(d(A*), ) /d(X*)e.

Proof As in the proof of Theorem 7.4,

La(ty) <V 2e[A = M, (7.25)

1A= X¥[ley < 282(Jae, L) VAN | £ = fe
These bounds hold provided that A* € Aa, or

£ — far

and

La(IT,)- (7.26)

max
1<k<N

<e.

nhY &hi(X;)
j=1

If [|€]|p, < 400 and

Alog N
e 2 Cllélly, max [lhwllL,m.) a—
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then usual bounds for random variables in Orlicz spaces imply that \* € A, with prob-
ability at least 1 — N—4.
Combining (7.25) and (7.26) shows that with probability at least 1 — N—4

I1£5 = foasllLor,) < 482(Jax, )/ d(A)e

and
1A= N lg, < 863 (Jas, I )d(A*)e.

Using Lemma 7.1 and arguing as in the proof of Theorem 7.5, we also get
1A= A, < 863(d(X"), ) V/A(A)e.

O

Bounding (32(J,1I,,) in terms of restricted isometry constants (see Lemma 7.2), es-
sentially, allows one to recover Theorem 1 of Candes and Tao [29] that was the first result
about the Dantzig selector in the fixed design case. Instead of doing this, we turn again
to the case of random design regression and conclude this section with the derivation of

the results of Candes and Tao [29] in the random design case.

To simplify the matter, we assume that the dictionary is orthonormal and that the

following conditions hold with a numerical constant B > 0 :

N
1
— < s <
Al < H;:l: At o < Bl

and

N
1 N
=lAll; < H; Aty < Bl A€ RY.

This is the case, for instance, for Gaussian and Rademacher dictionaries. We also assume
that the noise {{;} is a sequence of i.i.d. normal random variables with mean 0 and

variance o2. Finally, assume that f, = fy-, \* € RV,

Under the last assumption, A* € A.(A) provided that

Alog N
> . .
€2 C max [|ghe(X)llv\/ — (7.27)

Moreover, for a normal random variable £ with mean 0 and variance o2, ||{||y, = c10

for a numerical constant ¢; > 0. In addition, by the assumptions on the dictionary, the
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norms |||y, K =1,..., N are uniformly bounded by a numerical constant. Therefore,

for a numerical constant co > 0,
167k (X) Ly < 1€ 1o 12k (X) [, < 20, B =1,..., N,
and the condition on ¢ (7.27) reduces to the following:

Alog N
n

e>Co (7.28)

with a proper numerical constant C > 0.

The conditions on the dictionary also imply that G2(d) = 1 for all d and that the set

Ag o includes all the vectors A € RY such that, for a proper choice of numerical constant

C >0, C4/ w < 1/4. Hence, if \* satisfies the condition

C

Ad(A) log N <1/4, (7.29)
n

then \* € A_(A).
We now can derive the following corollary from the last bound of Theorem 7.5 (using

A* as an oracle).

Corollary 7.1 Under the above assumptions on the dictionary and on the noise and
also the assumptions (7.28) and (7.29), the following bound holds with probability at
least 1 — N=4 .

IAN =N ley < DVA(N)e,

where D > 0 18 a numerical constant.

A version of another oracle inequality of Candes and Tao [29] also easily follows

from Theorem 7.5.

Corollary 7.2 Under the assumptions of Corollary 7.1, the following bound holds with

probability at least 1 — N~4 and with some numerical constant D > 0 :

N
A\ —\I2 < *12 2y _ : *12 2|
1A = A", _D;(|/\]| AE)=D _inf L%W +d(J)s]
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Proof. It is enough to choose \* as follows:

X =NI(N|>¢/3), j=1,...,N.

Then

(e = Fres o = 1N < ¢/3

for all k € Jy such that |A\}| < e/3. Otherwise,

‘(fi* - fA*yhk>L2(n)‘ = |A;| = 0.

In addition, the assumption (7.28) on ¢ implies that, for some numerical constant C”,

Alog N
C'l§hi(X) oy || == < &/3, k=1,...,N.

We also have that with some numerical constant ¢ > 0

15 = ) (O (X)lgy < N(Fxe = S ) (XDl 1k (XD [l

1/2
§c< > |A;|2> < c(e/3)\/d(\¥).

j:|)\;7|<€/3

(e~ )X BN < o3

Ad(\*) log N
n

Therefore,

as soon as cC’ < 1. The last condition follows from (7.29) with a properly
chosen constant. Thus, \* € A.(A4) (again, with a proper choice of constants in the

definition of this set). By Theorem 7.5, with probability at least 1 — N~4

R 1/2
1A =3, < < 3 |A;|z> + Dy Jeard(j : [;] > ¢/3)e,

JiAjl1<e/3

which yields that, for some constant D,

N
A= X7, <D (NP A ).
j=1
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8 Convex Penalization in Sparse Recovery: /;-Penalization

8.1 General Aspects of Convex Penalization

In this and in the next section we study an approach to sparse recovery based on penalized

empirical risk minimization of the following form

N
A = argminy . p [Pn(ﬁ o fy)+e Z w(Aj)] . (8.1)

=1
We use the notations of Section 1.6. As before, it is assumed that

N
o= Z/\jhj, A€ RN,

J=1

where

H:: {h17---7hN}

is a given finite dictionary of measurable functions from S into [—1,1]. The cardinality
of the dictionary is usually very large (often, larger than the sample size n). We will
assume in what follows that N > (logn)? for some ~ > 0 (this is needed only to avoid

additional terms of the order 12&loan }fgn

in several inequalities).
We will also assume that 1 is a convex even function and € > 0 is a regularization
parameter, and that D C RY is a convex set.

The excess risk of f is defined as
E(f)y:=Plef)— inf P(leg)=P(lef)— P(lef,),
g:S—R

where the infimum is taken over all measurable functions and it is assumed, for simplicity,
that it is attained at f. € Lo(II) (moreover, it will be assumed in what follows that f.

is uniformly bounded by a constant M).

Definition 8.1 It will be said that £ : T x R +— R4 is a loss function of quadratic
type iff the following assumptions are satisfied:

(i) for ally € T, {(y,-) is conver;

(it) for all y € T, L(y,-) is twice differentiable, £, is a uniformly bounded function in
T xR and

sup £(y; 0) < 400, sup |€;,(y;0)| < +o0.
yeT yeT
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Moreover, denote

o 1 . . /"
T(R) == 5 ylg%\;&fRﬁu(y,u). (8.2)

Then

(iii) T(M V 1) > 0.

Recall that M is a constant such that || f«||co < M ). Without loss of generality, it will be
also assumed that 7(R) < 1, R > 0 (otherwise, it can be replaced by a lower bound).

For losses of quadratic type, the following property is obvious:

T(Ifllso VIMDIf = fillZyay < E() < CIf = fill2, .

where C is a constant depending only on /.

There are many important examples of loss functions of quadratic type, most no-
tably, the quadratic loss £(y,u) := (y — u)? in the case when T C R is a bounded set.
In this case, 7 = 1. In regression problems with a bounded response variable, one can
also consider more general loss functions of the form ¢(y,u) := ¢(y — u), where ¢ is an
even nonnegative convex twice continuously differentiable function with ¢” uniformly
bounded in R, ¢(0) = 0 and ¢"(u) > 0, v € R. In binary classification setting (i.e.,
when T'= {—1,1}), one can choose the loss ¢(y,u) = ¢(yu) with ¢ being a nonnegative
decreasing convex twice continuously differentiable function such that ¢” is uniformly
bounded in R and ¢”(u) > 0, u € R. The loss function ¢(u) = logy(14e~) (often called
the logit loss) is a typical example.

Note that the condition that the second derivative £/ is uniformly bounded in 7' x R
can be replaced by its uniform boundedness in T' x [—M V 1, M V 1]. The constants in
the theorems below will then depend on the sup-norm of the second derivative (and, as
a consequence, on M); otherwise, the results will be the same. This allows one to cover
several other choices of the loss function, such as the exponential loss ¢(y,u) := e ¥* in
binary classification.

Clearly, the conditions that the loss ¢, the penalty function ¥ and the domain D
are convex make the optimization problem (8.1) convex and, hence, computationally
tractable (at least, in principle).

In the recent literature, there has been considerable attention to the problem of
sparse recovery using LASSO type penalties, which is a special case of problem (8.1). In
this case, D = RY, so this is a problem of sparse recovery in the linear span Ls.(H) of

the dictionary, and ¢ (u) = u, which means penalization with ¢1-norm. It is also usually
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assumed that £(y,u) = (y — u)? (the case of regression with quadratic loss). In this
setting, it has been shown that sparse recovery is possible not always, but only under
some geometric assumptions on the dictionary. They are often expressed in terms of the

Gram matrix of the dictionary, which in the case of random design models is the matrix

H = <<hiahj>L2(H)> ;

i,j=1,N

and they take form of various conditions on the entries of this matrix (”coherence coeffi-
cients”), or on its submatrices (in spirit of ”uniform uncertainty principle” or "restricted
isometry” conditions, see Section 7.2). The essence of these assumptions is to try to keep
the dictionary not too far from being orthonormal in Lo (IT) which, in some sense, is an
ideal case for sparse recovery (see, e.g., Donoho [35, 36, 37, 39], Candes and Tao [29],
Rudelson and Vershynin [82], Mendelson, Pajor and Tomczak-Jaegermann [78], Bunea,
Tsybakov and Wegkamp [25], van de Geer [46], Koltchinskii [64, 65, 66], Bickel, Ritov
and Tsybakov [14] among many other papers that study both the random design and
the fixed design problems).

We will study several special cases of problem (8.1). In the case D = RY, the most
common choice of v is ¥ (u) = |u| which leads to ¢1- or LASSO-penalty. The same penalty
can be used in some other cases, for instance, when D = Uy, (the unit ball of ¢;). This

leads to a problem of sparse recovery in the symmetric convex hull

convg(H) := {fA tAE UE1}7

which can be viewed as a version of convex aggregation problem. More generally, one can
consider the case of D = Uy, (the unit ball in £,) with p > 1 and with ¢ (u) = |u|? (i.e.,
the penalty becomes H)‘HZ,)' It was shown in Koltchinskii [65] that sparse recovery is
still possible if p is close enough to 1 (say, of the order 1+ 1/log N). Another interesting

example is
N
D:Aa:{AGNLAszEJlek
j=1

so, D is the simplex of all probability distributions on {1,..., N}. This corresponds to

the sparse recovery problem in the convex hull of the dictionary

cmﬂH%:{ﬁ:AeA}
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In this case, it is natural to study the penalty

N
A) =) Ajlog ;.
j=1

H()) is the entropy of probability distribution A; this corresponds to the choice ¥ (u) =
ulog u. Such a problem was studied in Koltchinskii [67].

We will follow the approach of [65, 67]. This approach is based on the analysis of
necessary conditions of extremum in problem (8.1). For simplicity, consider the case of
D =RV, In this case, for X° to be a solution of (8.1), it is necessary that 0 € 8ana(5\€),
where

N
Lne(N) = Pa(l e fr) +2 ) _v()))
j=1

and 0 denotes the subdifferential of convex functions. If ¢ is smooth, this leads to the

equations
Po(l' ® f)hj+ e/ (A5) =0, j=1,...,N. (8.3)
Define
N
L-(\) = P(Ce fi) +e)_v(A)
j=1
and

VL-(}) = <P(€’ o fA)h; + aw’w))

j=1,..,N
The vector VL.()) is the gradient and the subgradient of the convex function L.(\) at
point A. It follows from (8.3) that

Pl o f5)(fie = fa +aZw )R- X)) =0
and we also have
P(C o f)(f5. — Fr) + eZw Aj) = <VL€(>\), i — >\>£2.
Subtracting the second equation from the first yields the relationship
P(l o f5. — 0o f)(fie — f) + sZ WA = N) =
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(VLA =A%)+ (P = P o f)(fye = ).

Lo

If £ is a loss of quadratic type, then

P(El.fj\s _E,.f)\)(fj\s - f)\) 2 C||f5\5 - f>\||2L2(H)

with some constant ¢ > 0 depending only on ¢ and the following inequality holds

N
ellf5e = Blliam +2 3@ 05) = w45~ Ay) <
j=1
(VLA =X) + (P =P o f1)(F3 — 1) (8.4)

Inequality (8.4) provides some information about “sparsity” of )¢ in terms of “sparsity”
of the oracle A and it also provides tight bounds on || f5. — fallz,m)- Indeed, if J = Jy =
supp(A) and ¢'(0) = 0 (which is the case, for instance, when ¢ (u) = u? for some p > 1),
then

N ~ ~ ~ ~ ~ ~

D@5 = O = N) = D WA = DI OIS

j=1 2 2
(note that all the terms in the sum in the left hand side are nonnegative since 1) is convex

and 1’ is nondecreasing). Thus, the following bound holds

cllfse = Fallm +e SSRGS <

i¢J
(VLA =)+ (P = Pl @ f5) (s = D), (8:5)

2
in which the left hand side measures the Lo-distance of f5. from the oracle fy as well
as the degree of sparsity of the empirical solution \¢. This inequality will be applied to
sparse vectors A (“oracles”) such that the term <VL€()\), A— /A\’3>Z2 is either negative, or
positive, but small enough. This is the case, for instance, when the subgradient VL. (\)
is small in certain sense. In such cases, the left hand side is controlled by the empirical

process
(P - Pn)(é/ d fj\s)(fj\s - f)\)

It happens that its size in turn depends on the Lo-distance || f5. — fallr,am and the
measure of “sparsity” 3o ; [y (5\5)||5\§|, the quantities involved in the left hand side.
Writing these bounds precisely yields an inequality on these two quantities which can
be solved to derive the explicit bounds. In the case of strictly convex smooth penalty

function ¢ (such as ¥(u) = uP, p > 1 or ¥(u) = ulogu), the same approach can be
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used also in the case of “approximately sparse” oracles A (since the function 1)’ is strictly

increasing and smooth). A natural choice of oracle is

N
A := argminycp [P(E ef\)+e Zzﬁ()\j)} , (8.6)

i=1

for which in the smooth case

<VL€(>\E), P X€>€2 <0
(if D =R¥, we even have VL.(\?) = 0). For this oracle, the bounds on || f;. — fx | 2(1)
and on the degree of sparsity of A¢ do not depend on the properties of the dictionary, but
only on "approximate sparsity” of A°. As a consequence, it is also possible to bound the
"random error” |E(f5.) — E(fa¢)| in terms of "approximate sparsity” of A\°. It happens
that bounding the ”approximation error” £(f):) is a different problem with not entirely
the same geometric parameters responsible for the size of the error. The approximation
error is much more sensitive to the properties of the dictionary, in particular, its Gram

matrix H which depends on unknown design distribution II.

The case of fi-penalty is more complicated since the penalty is neither strictly
convex, nor smooth. In this case there is no special advantage in using A\° as an oracle
since this vector is not necessarily sparse. It is rather approximately sparse, but bound
(8.4) does not provide a way to control the random Lg-error ||f5. — facl/z,qm) in terms
of approximate sparsity of the oracle (note that in this case ¢’(\) = sign())). A possible
way to tackle the problem is to study a set of oracles A\ for which

<VL€(>\), A X€>é

is negative, or, if positive, then small enough. This can be expressed in terms of cer-
tain quantities that describe a way in which the subgradient VL.()\) is aligned with
the dictionary. Such quantities also emerge rather naturally in attempts to control the

approximation error £(f)) in the case of smooth strictly convex penalties.

8.2 [(;-Penalization: Bounding the /;-Norm of a Solution

In the case when the set D is not bounded, there are some additional technical difficulties
involved in the analysis of the problem related to the need to provide bounds on proper

norms of the empirical solution A2. The bounds of this type have been developed, for
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instance, in [65], Theorem 1. Here is a version of this result in the case of ¢1-penalization
(LASSO) over the whole space RY.

Denote
A® 1= argmin, cg [Pn(ﬁ o fr)+ E”)\”51:| (8.7)

and
A® 1= argminycpn [P(f o))+ €||)\||gl] ) (8.8)

Theorem 8.1 There exists a constant D > 0 depending only on £ such that for all A > 1
and for all € and \ € RN satisfying the assumption

Alog N Alog N
2 D10 Alliar TETV I o Al ES) V1P @ ], (89)

the following inequality holds:

PLIA ey = Bl | < N

In particular, if

Alog N Alog N
2 D16 frenlaimy TETV I ¢ frlE ),

PNl 2 31X, } < N2

then

Proof. The definition of \® implies that
Po(le )+ llXlley < Po(C o f3) +ellAler, A € RY.
By convexity of the function A +— P, (¢ e fy),
Po(le fi.) = Pu(Ce f3) > Pu(l' e f)(f5e — fr):

As a result,
el|A%lley < ellMlley + Pu(l" @ fA)(fa — fie) <

/ e .
ellMley +12}%XN\Pn(€ o )l [IA° = Alle, -

This yields the bound

(2= s 12200 2 Il < (& s P (€ o )l ) A

1<k<N 1<k<
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If

/
£ > X | P, (0" @ fx)hyl,

then /
€+ maxi<p<n | P (£ @ f3)hy

€ —INaxXj<ip<N ‘Pn(gl ° f)\)hk’ H Hh’

Note that, under the assumption (8.9),

1A%]le, < (8.10)

<
1g}3<XN!P( o [Mhi| < max [P(€" o f)hy|+

ax (P, — P)({' ® f\)hi| < e/4+ | nax, |(P, — P)(¢ o f\)hg].

The second term is bounded using Bernstein’s inequality which yields that with proba-

bility at least 1 — N4 and with some choice of constant C'

Alog N Alog N
/ < / / .
1I<r}€a<XN|(P P)(€" e fa)hi| < Cll€ o fAllL,(p)y/ - V1€ e fillo -

If the assumption (8.9) on A is satisfied with D = 4C, then with probability at least
1-N—4

1%1XN|(P — P)(¢' o fr)hi| <e/4

and it follows that with the same probability

< e+e/2
1340 < S50 = 316
If we use in (8.10) A := X/4, then, by the necessary conditions of extremum in the

definition of /4,
[P(C"® fresa)hi| <

which implies the second statement.

3
- k=1,...,N
4’ ) IS

[}

It is also possible to show that [|[\“||,, with a large enough constant ¢ provides a

lower bound on [|A¢|l, (with a high probability). Namely, the following result holds.

Theorem 8.2 There exist constants D > 0,c > 0 depending only on £ such that, for all
A > 1 and for all € satisfying the assumption

Alog N
e = DN/, + 1)1/ = (8.11)

the following inequality holds:

P{Ieh < 3=l p <
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Proof. By the definition of A%,

P(C e free) +celAX¥]ley < P f5.) + el Ao,

Arguing exactly as at the beginning of the proof of Theorem 8.1, one can show that

CE + MaxX|<ip<N |P(£, b fj\s)hk?|

)\C& < S\E 812
|| ||€1 = e — maxy<p<n |P(f/ . fj\s)hk| || Hél ( )
as soon as
/
ce > 11§1%a§xN]P(€ o fio)hil.
We have

/ R /! R _ / R
lg}fz%xN\P(ﬁ o fio)hi| < 12%%XN‘P"(€ o fio)hi| + IISI}%XN](P,L P)(€ o f)hl

and, using necessary conditions of extremum in problem (8.7), the first term can be
bounded as follows:

/
- < .
12}62%XN|P7L(€ o fi)hi| <e

To bound the second term, we use the following lemma.

Lemma 8.1 There exist constants C, L depending only on £ such that for all A > 1 and
for all R > 0 with probability at least 1 — N—4
Alog N

max  su P, — P)(? e f\)hi| <C(1+ LR )
s, (P PXC e el £ OO Ly 222

We use it for R = |[|\*/4||;, and combine it with the second bound of Theorem 8.1.

This bound can be used since under the assumptions on the loss function ¢

1€ 0 fAllLo(py < 1€ @ falloo < CL(L+ [IAlley)

with some constant Cj, which allows one to write down the condition on € as (8.11).
With an adjustment of the constants, it follows that with probability at least 1 — N4

[Alog N
_ / N < 6/4 .
12}685(N’(P" P)(@ .f)\s)hk‘ < C(l —i—L”)\ ”51) o

One can choose the value of ¢ in such a way that the condition

Alog N
n

+ 2¢

ce > 2C(1 + LIIA"4,,)
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would follow from the assumption on ¢ (8.11). With such a choice of ¢, we have that
with probability at least 1 — N—4

/
ce > 211%};%\7 |P(L" o f5.)hil.
It is enough to recall (8.12) to get that with probability at least 1 — N—4

Al < 314y -

O

Proof of Lemma 8.1. Note that, under the assumptions on ¢, we have, for all
kE=1,...,N and all \ satisfying ||A|ls, < R,

1(¢" @ fa)hillo < C(1+ LR)
with constants C, L > 0 depending only on £. We apply the bounded difference inequality

to the supremum of the empirical process indexed by the class

G- { (¢ @ f3)hi

_— < .
carrm  Ma <R}

This yields the following bound that holds with probability at least 1 — e~ :

C(1+ LRI
p |(Py— P)(E o )| <E sup |(By— P)(E o fiy] + CEF LRV
Moy <R INle, <R vn

To bound the expectation

E sup [(P,— P)(¢ e f\)hil,
IAlle; <R

we use the symmetrization inequality followed by the contraction inequality:

E sup [(P,—P)(¢' e f\)hg| <2E sup |Rn((¢' e fA)hy)] < CE sup |Rn(fa)l-
[IAlle; <R [IAlle, <R IMlle, <R

Using Theorem 3.4, we get

log N
E sup Rn f)\ < RE max Rn hi < CR ]
HAHelSR’ ()] 1§Z’§N‘ (hi)l n

It follows from all of the above bounds that with probability at least 1 — e~! and with

some constants C, L depending only on £,

sup |(Po— P)(Ce fr)he| < CO1+ LR)y/ 28N L
[Alle; <R n
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We use this bound for all £k = 1,..., N with t = Alog N + log N and then apply the

union bound. With a proper adjustment of the constants, this completes the proof.
O

The next result provides a simple upper bound on the excess risk of the empirical

solution f5..

Theorem 8.3 There exist constants C, D > 0 depending only on ¢ such that for all
A >1 and for all € and X\ € RY satisfying the assumption

Alog N
e 2 D(IAlle, + 1)1/ === \/ 4 max [P(¢' o f)hl, (8.13)

the following bound holds with probability at least 1 — N~—4

E(f5e) < EWUN) + ClIAle,e

Proof. We will use the following lemma that can be proved quite similarly to Lemma
8.1.

Lemma 8.2 There exist constants C, L depending only on £ such that for all A > 1 and
for all R > 0 with probability at least 1 — N~4

sup |(P,—P)lefy—Llefy)| <C(l1+LR)R AlogN.

IAlle, <R n

Using the definition of Ae , we get

P(Ce fi.) = P(Ce 1) < Pa(te fi) +ellA]le, — Pu(Co fr) —el|Alle, +

+e||Alle, +2 sup (P —P)(le fu—Le fo)| <
llwlle; <N Alle, VIIAZ Ny
ellAle, +2 sup [(Po = P)(Le fu—"Le fo)].

llulle, <I[Alley VIASlley

Note that, under the assumptions on the loss function ¢, (8.13) implies (8.9) (with a
proper choice of constants in these assumptions). Then, it follows from Theorem 8.1
that with probability at least 1 — N4,

IAllex < 3lIA]ey -
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This can be combined with the bound of Lemma 8.2 to get that with a proper choice of
C and with probability at least 1 — N—4

Alog N
2 s [(Pa P)Cs fu— Lo fo)] < OO+ LN M/
llulle, <[Aley VIIA®lley
As a result, we easily get the bound
P(le fs.) = P(le fy) < Cl[Aee

that holds with probability at least 1 — N4 with a proper choice of constant C' > 0.

This implies the statement of the theorem.
O

In the following sections, we concentrate on the case when the set D is bounded.
However, our method of proof combined with such results as Theorem 8.1 can be easily

used to handle the case of unbounded domain (see [65] for some results in this direction).

8.3 /(;-Penalization and Oracle Inequalities

The following penalized empirical risk minimization problem will be studied:
A\ = aurgmin)\eUe1 [Pn(€ o f))+ E”)\”gl] , (8.14)

where € > 0 is a regularization parameter and

N
Xy =D IAl-
=1

Denote
L:(\) :=P(Lo fx) +e|Ale,-

For A € RY let VL.(\) € OL.()\) be the vector with components
P(l"e f\)hj+esj(N), j=1,...,N

where s; = s;(\) = sign();) (assume that sign(0) = 0). The vector VL.()\) is a subgra-
dient of the function L. at point A. Note that du| = +1 for u > 0, d|u| = —1 for u,0
and J|u| = [—1,1] for u = 0.

In the case of fi-penalization, we are going to compare the empirical solution A
with an oracle A € Uy, that will be characterized by its "sparsity” as well as by a measure
of 7alignment” of the subgradient VL.(\) € OL.(\).
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We will use the following versions of alignment for vectors VL. (\) and s(\) :
()
ar(e, ) :==ay (U, A\, VL(N)) VO
and
a@%:a?<wU&dM)VQ a#ﬂ:z@?KWNLSQDVO

Clearly,

and it is easy to check that

a-i-(Ev )‘) < Hgl i fAHLz(P) + Ea-i—()‘)'

The last term in the right hand side is the alignment coefficient of vector s(\) that

depends on the sparsity of A as well as on geometry of the dictionary.

Theorem 8.4 There exist constants D > 0 and C > 0 depending only on ¢ such that,
for all X € Uy, for J =supp(A) and d := d(J) = card(J), for all A > 1 and for all

Alog N
sszii7;§ﬂ (8.15)

the following bound holds with probability at least 1 — N~=4 :

: d+ Alog N
If5e = Al +2 31N < C{T V

i¢J

02 (e, )\)] .

Moreover, with the same probability

d+ Alog N
?\/

e

~ 2 _
1y = Sl + 301351 < c[ L2(P)\/a2mgz]
Jj¢J

No condition on the dictionary is needed for the bounds of the theorem to be true

(except uniform boundedness of functions h;). On the other hand, the assumption on ¢,

[d+ Alog N
c>D d+ Alog 7
n

essentially, relates the regularization parameter to the unknown sparsity of the problem.
To get around this difficulty, we will prove another version of the theorem in which it is

only assumed that

Alog N
e>D o8 ,
n
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but, on the other hand, there is some dependence on the geometry of the dictionary. At
the same time, the error in this result is controlled not by d = card(J), but rather by the
dimension of a linear space L providing a reasonably good approximation of the functions
{hj:j € J} (such a dimension could be much smaller than card(.J)). To formulate this

result, some further notation will be needed.

Given a linear subspace L C La(II), denote

U(L) = sup [ flloo + 1.
FeLfllLym=1

I Ir, 2 (L, || - lzoamy) = (L, ] - [loo) is the identity operator, then U(L) — 1 is the norm of
the operator I1,. We will use this quantity only for finite dimensional subspaces. In such

case, for any Lo(II)-orthonormal basis ¢1,...,¢q of L,

< .
U(L) < max [|é;]loeVd + 1,

where d := dim(L). In what follows, let Py, be the orthogonal projector onto L and L=+
be the orthogonal complement of L. We are interested in subspaces L such that

(a) dim(L) and U(L) are not very large;

(b) functions {h; : j € J} in the "relevant” part of the dictionary can be approxi-
mated well by the functions from L so that the quantity

max 1Pl Ly ()
is small.

Theorem 8.5 Suppose that
Alog N
n

e>D

(8.16)

with a large enough constant D > 0 depending only on £. For all X € Uy, , for J = supp(\),
for all subspaces L of Lo(I1) with d := dim(L) and for all A > 1, the following bound
holds with probability at least 1 — N~4 and with a constant C > 0 depending only on £ :

If5e = fallf o +2 D125 < (8.17)
JgJ

d+ Alog N Alog N\ ,U(L)log N .
O BTN Pyl TR 0 (5|
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Moreover, with the same probability

If5e = il +2 1351 < (8.18)
J¢d
d+ Alog N [Alog N\ ,U(L)log N
C[T \/?ea}(HPLJ_thLQ(H) 0 \/ n \/
2
o g 27y .2
. °fA‘L2(P>\/a (e }

The next two corollaries provide bounds on ||A° — A|ls, in terms of the quantity

6272(5\, IT); they follow in a straightforward way from the proofs of the theorems.

Corollary 8.1 Under the assumptions and notations of Theorem 8.4, the following
bound holds with probability at least 1 — N—4 :

d+ Alog N 2
n \/

s = Bl + el = A, < 0{

ton VB0 el

Lo(P

Corollary 8.2 Under the assumptions and notations of Theorem 8.5, the following
bound holds with probability at least 1 — N~4 :

1fse = Al Zaqm + el = Ale < (8.19)
d+ Alog N [Alog N\ ,U(L)log N
C[ T \/%ﬂg}(HPLlthLg(n) n \/ ( )n \/

2 _
ot VB H)a%i} -

Proof of Theorem 8.5. According to the definition of e,
M e ArgminH)\Hllgl [Pn(ﬁ o f\)+ sH/\Hgl} . (8.20)
Subgradients of convex function
A Po(le fr) +elAlle,
are the vectors in R with components

Pn(gl.f)\)hj + €0y, j=1....N
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where o; € [-1,1], 0; = sign(}\;) if A\; # 0. It follows from necessary conditions of
extremum in problem (8.20) that there exist numbers §; € [—1, 1] such that §; = sign(j\j)
when 5\5 # 0 and, for all u € Ty, (A9),

N
Z(Pn(fl ° fj\g)hj’LLj + €§j’LLj> > 0.

i=1

Since A € Up,, A — X° € Ty, (A%), and the next inequality immediately follows:

Pl o f5.)(f5e — +eZs] <o0. (8.21)

Recalling the definition

and

7j=1,.,N
we also have
N A — — A —
P(C o f3)(fye = 3+ D550 = &) = (VLN A )\>£2. (8.22)
j=1
Subtracting (8.22) from (8.21) yields by a simple algebra
Po(l' e fo =€ o f5)(fs5 — +€Z — X)) <
(VLN A=) (P = P s f)(fs — ) (8.23)
and
P(l' o fs. =0 o f5)(fse — +€Z ) <
(VL) A=5) (P =B o [3) (e = F): (8:24)

We use inequalities (8.23) and (8.24) to control the ”approximate sparsity” of em-
pirical solution X in terms of "sparsity” of the ”oracle” )\ and to obtain bounds on
1f5e = fallLoqmy- As always, we use notations .J := J; := supp(A). By the conditions on

the loss (namely, the boundedness of its second derivative away from 0), we have
Pl e f5. =l o f)(fie = f3) = el fse = AAllZ,m)
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where ¢ = 7(1) (note that || f5|lcc <1 and ||f;.[lcc <1 ). Observe also that, for all j,

(55— 55)(Aj —XAj) = 0

(by monotonicity of subdifferential of convex function u — |u|). For j ¢ J, we have

A;j =0 and s; = 0. Therefore, (8.24) implies that

clfse = FillZ,am +e X 1Al <
J¢J
(VL) A=X) +(P =P o f5)(fye = f5):

2

Consider first the case when

(VL) A=X) = (P =P fi)(Fy = ).

L2
In this case, (8.25) implies that

s = il +e 3 Wl < 2(VLO)A-X)
i¢J

which, in view of definition of a (¢, \), yields

clfse = Fill o +e X Nl < 20 (N5 = Fill o

J¢J
Therefore,
2 _
Hfj\s - fXHLz(H) < Ea-i-(gv)‘)?

and, as a consequence, with some constant C' > 0 depending only on £

1f5e = f,‘\”%Q(n) + EZ I\j| < Cal(e, ).
J¢J
If

(VL. A=) < (P= P o f5)(fs = o),

Lo
then (8.25) implies that

cllfse = FllT,am +2 D 1Al S 2P = Po) (¢ o f5.)(f5e — 13)-

J¢J

Denote

MG A) =N Vst 1 = fillaa <0, 3 Il <A},

Jé¢J

(85 A) = sup{ [(P, = P)((¢' @ f)(fx = F)| - A € A5 A) }.

To bound a,,(d, A), the following lemma will be used.
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Lemma 8.3 Under the assumptions of Theorem 8.5, there exists constant C that de-

pends only on € such that with probability at least 1 — N~4, for all
n2<§5<1 and n2<A<1 (8.32)

the following bounds hold:

an(6: ) < o (6: A) [ /cH—AlogN\/A /AlogN

A 10g N 10g N, A 10g N
\/maXHPLLh | £o(11) \/ \/ \/ - . (8.33)

Take
6= ||f§\s - f>\5HL2(H) and A= ZA‘? (834)
JjéJ

If § >n~Y/2,A > n~'/2 then Lemma 8.3 and (8.31) imply the following bound:
6% 4+ eA < 26,(6,A). (8.35)

If § < n~ Y2 or A < n=2, they should be replaced in the expression for Bn(0,A) by

n~1/2. With this change, bound (8.35) still holds and the proof goes through with some

simplifications. Thus, we will consider only the main case when § > n=1/2 A > n=1/2,

In this case, the inequality (8.35) has to be solved to complete the proof. It follows from
this inequality (with a proper change of constant C') that

A < CA /AlogN [ /d—l—AlogN\/
A log N log N, ,Alog N
maX||PLLh Lo/ \/ \ ~ }

As soon as D in condition (8.16) is such that D > 2C, we can write

+ AlogN AlogN logN AlogN
eA < C{a\/i\/max 1L 75| o iy \/ V=,

(again the value of constant C' might have changed). We solve the inequality with respect

to A separately for each term in the maximum and take the maximum of the solutions,

which yields the following bound

6 /d+ Alog N Alog N L)log N Alog N
A<C’[ Y it R \/maXHPLLhHLQ(H \/ & \/ BT\ nf ]
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Under the assumption (8.16) on ¢ (assuming also that D > 1), it is easy to derive that

0 /d+ Alog N L)log N Alog N
A<A®G [w/ & \/maXHPLLhHLQ \/ B\ ]

Note that 3,(0,A) is nondecreasing in A and replace A in (8.35) by A(d) to get the

following bound:

6230[5\/Mv§\/d+AIOgN\/AIOgN\/U(L)logN\/m\/
n € n n ne n
Alog N logN Alog N
a1y TNy LNy Al ]

We skip the second term in the maximum and modify the third term because * -1/ Al‘;g N <

1. As a result, we get

d—l—AlogN AlogN logN Alog N
52<c[\/ \/maXHPLLhHLz "/ \/ \ =

Solving the last inequality with respect to ¢ yields the following bound on §2 :

Alog N Alog N L)log N
52<c[d+ o8 \/maXHPLLh [Py \/ )log ] (8.36)

We substitute the last bound back into the expression for A( ) to get:

d+ Alog N 1/2 Alog N d+AlogN
A<L<C|——— P h;
< O TEAEN e,y 3 (1N [T AREN

U(L)log N |[d+ Alog N Alog N
O LN P /A

. . . 2 2 o, . 1 AlogN . .
Using the inequality ab < (a® 4 b%)/2 and the condition -4/ === < 1, we can simplify

the resulting bound as follows

d+ Alog N U(L)log N Alog N
A< C[T\/maXHPLLh lam V — \ - (8.37)

with a proper change of C' that depends only on ¢. Finally, bounds (8.36) and (8.37) can

be substituted in the expression for (3,(d, A). By a simple computation and in view of
Lemma 8.3, we get the following bound on oy, (9, A) that holds for §, A defined by (8.34)
with probability at least 1 — N—4 :

d+ Alog N AlogN  U(L)log N
an(6,A) <C % + max || P bl yqm | (;g | Ull)log ]
J

n
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Combining this with (8.31) yields
clfre = FllT,am +e D 1A <
J¢J

d+ Alog N Alog N U(L)log N
O LN [Pyl T TEER] (g 5)

n n

which holds under condition (8.30).
Together with bound (8.29), that is true under the alternative condition (8.26), this
gives (8.17).

To prove bound (8.18), we again use (8.25), but this time we control the term
<VLE(5\), py x€>
somewhat differently. First note that

(VL(3), A~ X5>£ (Cofsfs—fie), o +els(),2 = A

D) - Lo(P)

This implies that

<VLE(5\), py X€>£ <

2

O o 15[ o 15 = Ficllzam + Do) <

2

eof

. .
: + §\|fx — fiellZom +523j(>\j —Aj)-
jes

1
2c Lao(P

Combining this with bound (8.25) yields the following inequality

. )
S = FielZoan +e >IN <

J¢J
_ R 1y, 2 /
sjze;]s]'()\j —A5)+ % l'e f;‘ La(P) + (P =Py)(l" o f5.)(f5e — f3)-
If X )
. , ,
ajze;sj-w =Xz gl e s, @RI FOG - £
then
C ~ — ~
S5 = Ficllm +e D 1N <227 558 = 49),
i¢J jeJ
which implies
PBLHES) PIVEPHH
J¢J jeJ
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or \*— e Cs x- The definition of a()) then implies the bound

S5 = Bl + & 20 1X] < 2ea(0)If5 = fiellamy-
J¢J
Solving this inequality with respect to || fx — f5-|lz,r) proves (8.18) in this case.
If
+ (P —=P) (" o f5)(f5e — )

flofj\‘

_ ~ 1 2
ed si(h— A < P )

jeJ

and
2

Cof

1 / _
o i > (P —Po) (" f5)(f5: — f5)»
we get

Coip o2 el < Zllee sl
55 = faellzam +€]Z¢;]|)\J| =) .f)‘HLg(P)’

which also implies (8.18) with a proper choice of constant C' in the bound.

Thus, it remains to consider the case when

1
e s —A9) < o
JjEJ

+ (P —P,)(l" o f5.)(f5e — f3)

vl

2
Lo(P)

and

e /\‘

< (P—=Po)(l o f5.)(fse — f3)s

Lo(P)

which implies

c .
S5 = FiellLoan +e D151 < 4P = P)(C o f3)(F5 = £).
i¢J
In this case, we repeat the argument based on Lemma 8.3 to show that with probability

at least 1 — N—4

c .
§Hf;\s - f,‘\”%Q(H) +EZ Al <
JgJ

d+ Alog N AlogN U(L)log N
C 7+maXHPLlhj”L2(H)\/7+ = 7
n jeJ " !

which again implies (8.18).

This completes the proof.
u]

The proof of Theorem 8.4 is quite similar. The following lemma is used instead of

Lemma 8.3.
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Lemma 8.4 Under the assumptions of Theorem 8.4, there exists constant C that de-

pends only on € such that with probability at least 1 — N~4, for all
n1/2<§<1 and n2 <A<
the following bounds hold:
n(0;A) < Bh(5;A)

[ \/WVA\/W\/AI%N} (8.39)

Proof of Lemma 8.3. First we use Talagrand’s concentration inequality to get

with probability at least 1 —e™*

Ct] . (8.40)

an(0;A) < 2[Ean((5; A) + Cé\/z—i- —
n

n

Next, symmetrization inequality followed by contraction inequality for Rademacher sums

yield:

Ean (8 A) < 2Esup{ [Ra((¢' 0 f)(fr = f2))] : A € MG A)} <
cn-zsu]p{an(fA —f)liae A(5;A)} (8.41)

with a constant C' depending only on £. In contraction inequality part, we write

AU = f20) = L(f3(0) + wu

u=fr()—fx()
and use the fact that the function

[—1,1] 2 u— C(f5() +u)u

satisfies the Lipschitz condition with a constant depending only on £.

The following representation is straightforward:

= Fi= Pl =)+ Y (N = A)Ppihj+ > AjPruh. (8.42)
iel I3

For all A € A(6,A),

IPL(fx = F)llaamy < 1 = fallzom <0
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and Pr(fx — f3) € L. Since L is a d-dimensional subspace,

Esup{|Rn(PL(f>\ — )A€ A A)} = Ca\/g

(see Proposition 3.2). On the other hand, A\, A € Uy, , so, we have ZjeJ A — Al < 2.

Hence,

Esup{‘Rn (;(Aj - xj)PLth)‘ - € A5 A)} < 2Emax [Ry(Pyohy).

Note also that
| PL1hjlloo < 1PLRlloo + [1Mlloo < (U(L) = D1 PLhjl pyqmny + 1

< (UW) = Dkl Ly +1 < U(L),
and Theorem 3.4 yields

log N log N
Bana o (P hy)| < € ma Py a5 + U ()22 |

n

Similarly, for all A € A(6, A),

d <A

J¢J
and
Esup{(Rn (J% AjPLlhj)( L€ A(6; A)} < AEmax | R (Ppohy)|

Another application of Theorem 3.4, together with the fact that

1Ppehgll Ly < Pl oy <1,

results in the bound

log N log N
EmaX|Rn(PLlhj)|§C’[\/og +U@L)28 }
JéJ n n

Now we use representation (8.42) and bound (8.41). It follows that

d log N log N
Ean(d,A)gC[é\/;\/A\/ —~ \/r;lef’«fHPLlhj”Lz(H)\/ - V

AU(L) loi N \/U(r) loi N ] . (8.43)
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The right hand side can be bounded further as follows

log N log N\ , U(L)log N
Ea, (6, A) <C[\f\/m/ N max [Pyl = \/ e }

(8.44)

Substituting this bound into (8.40) shows with probability 1 — e~

an(8,A) < Ba(8,A,1) := {\/7\/A\/@\/
st s

with a constant C' > 0 depending only on £.

It remains to prove that the above bound holds uniformly in 4, A satisfying (8.32)
with a high probability. Let

0 1= 277 and Aj = 277,

We will replace ¢ by t +2log(j + 1) 4+ 2log(k + 1). By the union bound, with probability

at least
2
1— Z exp{—t—2log(j+1)—2log(k+1)} =1— (Z(j + 1)_2) exp{—t} > 1—4de™ ",
3,k=0 Jj=0

for all 0 and A satisfying (8.32), and for j, k such that
d € (0j41,65] and A € (A1, Ag),
the following bound holds:
an(8: A) < B (@-, Ay, t+2log j + 2log k>

Using the fact that

2log j < 2loglog, (51) < 2log logy (%)
J

and 5
2log k < 2loglog, (Z)’

we get
Bn<5j,Ak,t +2logj + 2logl<:> <

B (25, 2A,t + 2log log, (%) + 2log log, (%)) —: Ba(6; As ).
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As a result, with probability at least 1 — 4e™t, for all § and A satisfying (8.32),
an(8;A) < B,(8; As).

Take now t = Alog N + log4 so that 4e~* = N~4. With some constant C' that depends

only on ¢,

_ d Alog N 2loglog, % 2loglog, %
ﬁn(a;A;t)gc[a\/;\/w ‘;g \/ 4 n(>\/5Jn(>\/
log N log N U(L)log N
AN a1y g 5\ TELE R

2log log, (%) 2log log, (%) Alog N

For all 6 and A satisfying (8.32),

2
2loglog, (3) < ologlogn

C

n n

and
2log log, ( 2
<A) <Cloglogn'

n n
Assumptions on N, n, imply that Alog N > ~loglogn. Thus, for § and A satisfying

(8.32),
— d Alog N log N
< At < —
an(é,A)_ﬂn(é,AJ)_C[&\/;\/é\/ . \/ Ay ; \
log N\ ,U(L)log N\ ; Alog N
r;lea}(”PLithLz(H)\/ - \/ - \/ | (8.46)

The last bound holds with probability at least 1 — N~ proving the lemma.

O

In theorems 8.4 and 8.5, we used a special version of subgradient VL.()\). More
generally, one can consider an arbitrary couple (A, VL.(\)) where A € Uy, and VL.()) €

OL-()\). This couple can be viewed as "an oracle” in our problem. As before,

VL.(\) = ((P(E’ ® f3)hj + Esj)j:17_..7N7
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but now s; = s;(\) are arbitrary numbers from [—1,1] satisfying the condition
s; =sign(A;), Aj #0.
Denote
a®(N) = af,? (Ugl, A, s(A)) V0
with some b > 0.

Theorem 8.6 There exist constants D > 0 and C > 0 depending only on £ with the
following property. Let A € Uy, and

VL.(\) = ((P(e/ o f)hj + ssj) | €L,

IR}

Let J C {1,...,N} with d := d(J) = card(J). Suppose that, for some v € (0,1),

d+ Alog N
e>py /iAot nog : (8.47)

the following bound holds with probability at least 1 — N~=4 :

d+ Alog N 9, *
T\/a € ]

Then, for all A > 1 and for all

If5e = il +ev D 1A < C[
gl

Moreover, with the same probability,

If5e = fallom +ev Y 1Nl <C

[d + Alog N \/
T "

e X(

2L ) \/ (a(2/v) (5\)) 262} .

2

Theorem 8.7 Suppose that
Alog N
n

e>D (8.48)

with a large enough constant D > 0 depending only on . Let X € Uy, and

€ OL(\).

VL) = ((P(£' o f))h; + ESJ')]:L...,N

Let J C {1,...,N}. Suppose that, for some v € (0,1),
‘Sj‘ S 1_'77 ng
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Then, for all subspaces L of Lo(Il) with d := dim(L) and for all A > 1, the following
bound holds with probability at least 1 — N~ and with a constant C > 0 depending only

on { :

Ifs5e = il +ev Y1351 < (8.49)
i2s

d+ Alog N Alog N\ ,U(L)log N <
0| BTN Pyl TR (5|

Moreover, with the same probability

Ifs5e = il +ev D135 < (8.50)
J¢J
d+ Alog N [Alog N\ ,U(L)log N
C[ n \/I?ea}{HPLJ-thLQ(H) o \/ -
2 2
@/ (3)) e2
\/ L2(P)\/<a ( )> c }

For some choices of vector A and of subgradient VL.()), the alignment coefficient

vyl

might be smaller than for the choice we used in theorems 8.4 and 8.5 resulting in tighter

bounds. An appealing choice would be A = )¢,
N\ = alrglrnin)\eUl1 [P(E o f)) —|—€||)\||gl],
since in this case it is possible to take VL.(A\®) € 0L.(\®) such that
) (Upy, A%, V(X)) < 0

(this follows from the necessary conditions of extremum). Therefore, with this choice,

a4 (g,X\%) = 0, implying the following corollaries.

Corollary 8.3 There exist constants D > 0 and C' > 0 depending only on £ with the
following property. Let

VL) = <(P(£’ o i ))hy + ssj> €LY

IR}

be such that, for all u € Ty, (X%),

(VL.(3), u)s, > 0.
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Let J C {1,...,N} with d := d(J) = card(J). Suppose that, for some v € (0,1),

‘Sj‘él_f% ng

d+ Alog N
szD\/Jrﬁog, (8.51)

the following bound holds with probability at least 1 — N4 :

Then, for all A > 1 and for all

3 d+ Alog N
1fse = Prellpam + mz S| < Cf_
i¢J
Corollary 8.4 Suppose that
Alog N
2 Dy —> (8.52)

n
with a large enough constant D > 0 depending only on £. Let

VL) = <(P(£’ o i ))hy + ssj> € OL.(X)

j=1,..,N
be such that, for allu € Ty, (X%),
(VLe(A%), u)e, = 0.
Let J C {1,...,N}. Suppose that, for some v € (0,1),
il <1—=n, j&J

Then, for all subspaces L of Lo(IT) with d := dim(L) and for all A > 1, the following
bound holds with probability at least 1 — N4 and with a constant C > 0 depending only

on ¢ :

Ifs5e = Hrellipmm +er > 1A < (8.53)
ig]

d+ Alog N Alog N\ ;U(L)log N
LA T 2]
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9 Strictly Convex Penalization in Sparse Recovery

In this section, we study two examples of problem (8.1) with strictly convex and smooth
penalty function . The first example (that will be discussed in more detail) deals with
sparse recovery in convex hulls with negative entropy penalization, i.e., ¥(u) = ulog u.
In the second example, we consider sparse recovery in the £,-ball for p > 1, the penalty
being the p-th power of the ¢,-norm, i.e., ¥)(u) = uP. More details on these problems
are given in [65, 67]. It happens that strict convexity and smoothness of the penalty
give some advantages in the analysis of the problem. In particular, it is possible in
such cases to study the random error |E(f5.) — E(fxe)| completely separately from the
approximation error £(fye). If the solution A® of the true penalized problem (8.6) is
approximately sparse, there is a way to control the size of the random error in terms of
its sparsity without any restrictive assumptions on the dictionary. However, the control of
approximation error still requires some assumption on the Gram matrix of the dictionary
that can be expressed, for instance, in terms of alignment coefficients introduced and used

in the previous sections.

9.1 Entropy Penalization and Sparse Recovery in Convex Hulls: Ran-
dom Error Bounds

As before, it will be assumed that ¢ is a loss function of quadratic type (see Definition
8.1).

Denote
N

Ai={(, ., AN): Ay =20, 5=1,...,N, Y A =1}
j=1

The following penalized empirical risk minimization problem will be studied:

N
A = argmin,c, | P, (0 e ) — eH(/\)] = argminy g, [Pn(ﬁ o f\)+ z—:Z Ajlog )\J} , (9.1)
j=1

where € > 0 is a regularization parameter and
N

H(\) ==Y Alog ),
j=1

is the entropy of \. Since, for all y, ¢(y,-) is convex, the empirical risk P,(¢ e f)) is a
convex function of A. Since also the set A is convex and so is the function A — —H()),

the problem (9.1) a convex optimization problem.
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It is natural to compare this problem with its distribution dependent version

N
A = argminy g, [P(C e fy) — eH()\)] = argminyc, [P(Z o f\)+e Z Ajlog )\j] . (9.2)
j=1

There has been a considerable amount of work on entropy penalization in informa-
tion theory and statistics, for instance, in problems of aggregation of statistical estimators
using exponential weighting and in PAC-Bayesian methods of learning theory (see, e.g.,
McAllester [75], Catoni [31], Audibert [4], Zhang [99, 100, 101] and references therein).
Dalalyan and Tsybakov [34] studied PAC-Bayesian method with special priors in sparse
recovery problems. However, the minimum of the penalty —H () is attained at the uni-
form distribution A\; = N~1,j = 1,..., N. Because of this, at the first glance, —H(\)

penalizes for ”sparsity” rather than for "non-sparsity”.

We will show that if A\* is "approzimately sparse”, then A¢ has a similar property
with a high probability. Moreover, the approximate sparsity of A\* will allow us to control
1f5e = frellpoany and K(A%, A%), where

K\ v):=KA\lv)+ K(v|\)

is the symmetrized Kullback-Leibler distance between A and v,

K(\) : Z)\log<>

being the Kullback-Leibler divergence between A, v.
In particular, it will follow from our results that for any set J C {1,..., N} with

card(J) = d and such that
Z \ < /log N

Jj¢J

with a high probability,

. d+log N
2
1£5e = Prellzyqm + B (A A7) < O— =
This easily implies upper bounds on ”"the random error” [£(f5.) — £(fxs)| in terms of
"approximate sparsity” of A\°.
Some further geometric parameters (such as "the alignment coefficient” introduced
in Section 7.2) provide a way to control "the approximation error” £(f)s). As a result,

if there exists a "sparse” vector A € A for which the excess risk £(fy) is small and \ is
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properly ”aligned” with the dictionary, then A\* is approximately sparse and its excess risk
E(f»e) is controlled by sparsity of A and its ”alignment” with the dictionary. Together
with sparsity bounds on the random error this yields oracle inequalities on the excess
risk £(f;.) showing that this estimation method provides certain degree of adaptation
to the unknown ”sparsity” of the problem.

The first result in this direction is the following theorem that provides the bounds
on approximate sparsity of A° in terms of approximate sparsity of A\° as well as the
bounds on the La-error of approximation of fy- by f5. and the Kullback-Leibler error of
approximation of \¢ by A°.

Theorem 9.1 There exist constants D > 0 and C > 0 depending only on ¢ such that,
forall J C{1,...,N} with d := d(J) = card(J), for all A > 1 and for all

[d+ Alog N
e>D d—i_f()g’ (9.3)

the following bounds hold with probability at least 1 — N—4

IR ELE IR

J¢J I¢J
. d+ Alog N
154 =
ZA]- < C[ZAJ- R ]
J¢J i¢J
and
< d+ Alog N d+ Alog N
IF3c = el + e (6,09 < 0| BT\ oy [THA0ET
J¢J

Similarly to what was done in Section 8.2, we will also establish another version of
these bounds that hold for smaller values of € (the quantity U(L) introduced in Section

8.2 will be involved in these bounds).

Theorem 9.2 Suppose that

Alog N
n

with a large enough constant D > 0 depending only on L. For all J C {1,... N}, for all

subspaces L of Lo(IT) with d := dim(L) and for all A > 1, the following bounds hold with

e>D

(9.4)

A and with a constant C > 0 depending only on £ :

< d+ Alog N U(L)log N
DA< C[Z 3+ AN 1Pyl + TN (g5
igd i ’ "

probability at least 1 — N
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d+ Alog N U(L)log N
S x<c [Z 5+ 705‘?5 o+ max | Py by, n + ()70%“} (9.6)
JgJ J€J 7€ ne

i — Frelm + K (X, A&)gc[dﬂlogN ZAE\/W\/

JgJ

AlogN logN
ma [Pyl ) L (0.7
If, for some J,
Z XS < /AlogN

J¢d
and, for some L with U(L) < d, hj € L, j € J, then the bound (9.7) simplifies and

becomes

and

1y — Pl + 2K G52 < ¢ 208N
In particular, it means that the size of the random errors || f5. — fa “%2(1-[) and K (X, \°) is
controlled by the dimension d of the linear span L of the "relevant part” of the dictionary
{h;j : j € J}. Note that d can be much smaller than card(J) in the case when the
functions in the dictionary are not linearly independent (so, the lack of ”orthogonality”
of the dictionary might help to reduce the random error).

The proofs of theorems 9.1 and 9.2 are quite similar. We give only the proof of
Theorem 9.2.

Proof of Theorem 9.2. We use the method described in Section 8.1. In the current
case, necessary conditions of minima in minimization problems defining A® and A can

be written as follows:

N
Pl o fre)(fse — fre) + Z (log A5+ 1)(A5 = X%) > 0 (9.8)
and
N
Pu(l o f5)(f5e = Far) +€ > _(log X5 + 1)(A5 — X5) < (9.9)
j=1

The inequality (9.8) follows from the fact that the directional derivative of the penalized

risk function (note that it is smooth and convex)

N
A3 X P(lefy)+e) Alogh;
j=1
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at the point of its minimum A® is nonnegative in the direction of any point of the convex
set A, in particular, in the direction of A¢. The same observation in the case of penalized
empirical risk lead to inequality (9.9). Subtract (9.8) from (9.9) and replace P by P, in
(9.9) to get

P((0 fi) = (¢ 0 ) (fs. = foe) + ¢ fj (10g A5 — 1og 25) (35 - 9)

j=1
< (P —Po)(l" o f5)(fie — fae)- (9.10)
It is easy to see that
N A . N Agl . A
> (10g A5 —10g 25 ) (35 = X5) = > <1og A-J) (As = 2%) = K(3¢, %)
j=1 Jj=1 J

and rewrite bound (9.10) as

P((t' 0 f5) = (' 0 ) (e = o) + eK (5 X9)

S (P - Pn)(ﬁ’ L] fj\g)(fj\s — f)\s). (911)
We use the following simple inequality

N e
K (X%, %) Z<log —9> —\5) >

J=1

log 2 s log 2
5o D Nt DL N (9.12)

NS =28 JiAS>2A¢

which implies that for all J C {1,..., N}

DX <2y X+ —K (A%, X°) (9.13)
JjéJ JjéJ

and
doa<2) X+ —K (A%, 29). (9.14)
J¢J J¢J

If K (;\5, M%) is small, the last bounds show that ”sparsity patterns” of vectors A€ and A
are closely related. Then, it follows from (9.11) that

e N <2 Y N (P = P)(l o f3)(fie — fo)- (9.15)

Jj¢J JgJ
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As in the previous section, for the loss functions of quadratic type,
P((E/ d f}\s) - (é/ d f)\s)) (fj\s - f)\g) > CHfj\s - f>\5H27
where ¢ = 7(1). Note that || fxc]lcc <1 and ||f;.[loc < 1. Bound (9.11) then yields

|l fse — el FeK (N, 0%) < (P —Bo) (£ @ f5.)(f5e — foe)- (9.16)
Following the methodology of Section 8.1, we have now to control the empirical

process (P — P,) (¢ o f5.)(fsc — fac). To this end, let

AGA) = (N E AL = fiellam <80, 3N < A}
JjgJ
and

0n(058) i= sup{ (P = P)((¢' o f)(fr = Hre))l 1 A € A A) }.

The following two lemmas are similar to lemmas 8.4 and 8.3 of the previous section.

Their proof is also similar and we skip it.

Lemma 9.1 Under the assumptions of Theorem 9.1, there exists constant C that de-

pends only on { such that with probability at least 1 — N~—4, for all
n~1/2 <§d<1 and n~1/2 <A1

the following bounds hold:

an(8: ) < (8 A) [ /d+AlogN\/A /d+AlogN
\/Z/\a /d+AlogN\/AlogN] (9.17)

J¢J

Lemma 9.2 Under the assumptions of Theorem 9.2, there exists constant C that de-

pends only on ¢ such that with probability at least 1 — N—4, for all
n?2<§<1 and nTV2<A<1 (9.18)

the following bounds hold:

an(6: A) < Bu(6: A) [ /d—i—AlogN\/ AlogN
Alog N Alog N
VX = Ve | Pra by g eV

i¢J
U(L)logN \ , Alog N
- \ = (9.19)
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We now proceed exactly as in the proof of Theorem 8.5. Let

8 =lfse = Prelloam and A ="45, (9.20)

J¢J
and suppose § > n~'/2. A > n~1/2. Then, by Lemma 9.2 and bounds (9.16), (9.15), the
following bounds hold with probability at least 1 — N4 :

6% < Bn(6,A) (9.21)

and
eA <2 X5+
iéJ
where 3,,(0,A) is defined in (9.19) (as in the proof of Theorem 8.5, the case § < n~'/2

or A < n~'/2 is even simpler). Thus, it remains to solve the inequalities (9.21), (9.22) to

2

complete the proof. First, rewrite (9.22) (with a possible change of constant C') as
Alog N d+ Alog N
eA < OA/ = +C[EZ)\§\/5\/#\/
i¢J
A log N A log N log N, ,Alog N
D X5 \/maXHPLLh oA/ \/ \ = .

Jj¢J

Alog N
n

If the constant D in condition (9.4) satisfies D > 2C'V1, then the term } ;A

in the maximum can be dropped since it smaller than the first term & i )\2 , and the

bound can be written as follows

A<C[ Z)\E\/d\/m\/maxnpu_h la \/mv logN\/Al(;gN}

JéJ

We solve the inequality separately for each term in the maximum and take the maximum

of the solutions. This yields

A<o{zx\/a\/mvmax”%h”h \/mv 10gN\/AIZ§N]’

J¢J

which, under the assumption (9.4) with D > 1, can be upper bounded as follows

A <A@ [ZA&\/é\/mvmaxanm s V2 ngong\/@}

J€J
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Using the fact that (,(d,A) is nondecreasing in A, substituting A(d) instead of A in
(9.21) and dropping the smallest terms, we get

52<C|: /d+A10gN\/Z)\€ /AlogN\/

JgJ

A log N log N, ,Alog N
mag || P b m V& V=,

Solving the inequality yields the following bound on 52 :

52 < C[d—i—AlogN \/Z)‘a /AlogN \/maxHPLLh loac /AlogN\/ logN}

JgJ
(9.23)

We substitute this into the expression for A(d) which results in the following bound on

A
d+AlogN 121 7/ Alog N\ /4 d+AlogN
ascolTaV Ry () (AR V
g g ©
\/U(L)logN\/dJrAlogN\/maX”P Y H”Q AlogN /d+A10ng
ne n L

Alog N
I}?}(HPLlhjﬂLz(H) \/ }

The inequality ab < (a? + b%)/2 and the condition %\/AIOTgN < 1, allows us to simplify
the last bound and to get

J¢J

(9.24)
with a constant C' depending only on /. Substitute bounds (9.23) and (9.24) in the
expression for f,(5, A). With a little further work and using Lemma 9.2, we get the
following bound on oy, (8, A) that holds for 0, A defined by (9.20) with probability at
least 1 — N~4:

d+ Alog N Alog N Alog N
an(6,A) < C[ig + 3026/ S\ ma | Py |
n a7 n jeJ n

V U(L) logN}

n
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This bound and (9.16) implies that

C”fj\s _fAE“%z(H)‘i‘EK()\E,)\E) SC[T—FZA;\/T\/
J¢J
Alog N\ ,U(L)log N

and (9.7) follows. Bound (9.5) is an immediate consequence of (9.24); bound (9.6) follows
from (9.14) and (9.25).

O

From theorems 9.1, 9.2 and the properties of the loss function, we will easily deduce

the following result.

Let £ be the linear span of the dictionary {hi,...,hy} and let Py be the orthogonal
projector on £ C Lo(P). Define

ge 1= Pr(0' o fre).

Theorem 9.3 Under the conditions of Theorem 9.1, the following bound holds with
probability at least 1 — N~4, with a constant C > 0 depending only on ¢ and with

d = card(J) :
d+ Alog N d+ Alog N
< | TR 3 R

'P(hf;s) Pt )

i2
d+ Alog N d+ Alog N2
C1g Ly [f\/ZAW#] . (9.26)
iz

Similarly, under the conditions of Theorem 9.2, with probability at least 1 — N=4 and
with d = dim(L)

‘P(E.fj\s)_P(E.f)\f) <

d+ Alog N Alog N\ ;U(L)log N
O LB (005 V ma Pyl ) B\ EELER

J¢J
d+ Alog N Alog N
C ¥l ay | BN (X35 V 1Pyl )y 5
J¢d

U(L)log NT'/2
\/ ()g} .

- (9.27)
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Proof of Theorem 9.3. For the losses of quadratic type,

(Co f)(@y) = (Lo fas)(@,y) = (o fae)(@,y)(f5: — re) () + R(,y),

where
[R(z,y)| < C(fs. — ae)? ().

Integrate with respect to P and get

[P(Lo f5) = PLe fro) = P o ) (5 = o)

< Clfse = HellZom:

Since
/ / /
€ e — € — € e — € — € e — € <
(P o B = )| = (€ e Pres e = e ), [ = (PeW o frdofie = Do), | <
N9 1oyl f5e = Faell Loy
theorems 9.1 and 9.2 imply the result.
O

Recall that f, is a function that minimizes the risk P(¢e f) and that f, is uniformly

bounded by a constant M. It follows from necessary conditions of minimum that
P(l"e f)h; =0, j=1,...,N,

or /' e f, € L. For any function f uniformly bounded by M and such that ¢’ e f € £+
(for instance, for f.), the following bounds hold

9l Loy = 1P (" @ frxe)llLopy = 1P (€ @ fae — € @ f)ll1,p) <

1" @ fxe = €70 Pl Loy < Clifre = Fllzom
since ¢’ is Lipschitz with respect to the second variable.

Since £ is the loss of quadratic type, we have, for all A € A,

1
E(fx) 2 5Tl filloo VDA — Fellipam =TI = fellZo - (9.28)
Theorem 9.3 implies the following bound on the random error

[E(f5e) —EUne)l = |P(Co f5) — P(Ce fre)] :
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under the conditions of Theorem 9.1, with probability at least 1 — N—4

SC[al—i-AnlogN \/Z/\j /d+AnlogN] \/

J¢J

E(fre) [d+ Alog N . [d+ Alog N2

J¢J

\sw _E()

where d = d(J), and under the conditions of Theorem 9.2, with probability at least
1-N-A4

‘sms) e(h)| <
d+ Alog N . Alog N
C[?v(%)‘jvrﬁgf\\]gﬂhj”m(n)) "
J

U(L)log N

E(fre)|d+ Alog N log N
01/2 ( ) [ \/<§ A;\/maXHPLJ_thLz(H)> \/
T n jeJ = "

U(L)log N} 1/2

n

(9.30)
where d = dim(L).

9.2 Approximation Error Bounds, Alignment and Oracle Inequalities

To consider the approximation error, we will use the definitions of alignment coefficients
from Section 7.2.

For A € RY, let sév()\) := log(eN2)\;), j € supp(\) and sé-v()\) =0, j & supp(N).
Note that log A\; + 1 is the derivative of the function Alog A involved in the definition of
the penalty and, for j € supp(}), sév()\) =log A; + 1 + 2log N. Introduce the following
vector

sV = (s (N, ..., SN ().

We will show that both the approximation error £(f)-) and the ”approximate sparsity”
of A® can be controlled in terms of the alignment coefficient of the vector sy(\) for an

arbitrary A € A. We will use the following version of the alignment coefficient:

afy(A) = a (A, A, sV (N) VO,
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where
b = b()\) = 2”81\[()\)”500.

Theorem 9.4 There exists a constant C' > 0 that depends only on £ and on the constant
M such that || fu|leo < M with the following property. For all e > 0 and all X € A,

E(fa)+e D X <3BE(fa)+ C<(a;(A))2s2 + %) (9.31)
J¢#supp(A)

Proof of Theorem 9.4. The definition of A® implies that, for all A € A,

N N
E(frr) +eD_ Xlog(N2X5) < E(fr) +e ) Ajlog(N2);)

j=1 7j=1

By convexity of the function u +— ulog(N?u) and the fact that its derivative is log(eN2u),

E(far) +e > Alog(N2X) <

JEIN
E(fn)+e S (A log(N2y) — X log(N2X5)) <
JEIN
E(fa)+e Y log(eN2X;)(A; — X). (9.32)
JEJIA
Note that
e AN=e> Xlog(NX5)+
IEIx JEIA
e > x(1-tosvi) +e >0 x5(1-10s(N2N))).
jQJ)\,)\igeN*Q jQJA,)\§>eN*2
We have
e > x(1-10sv) <0
GEINAG>eN 2
and
€ Z Aj(l — log(N2)\§)) <e Z A5 < ceN~L.
ng)\7)\§§€N72 ngA7A§§6N72
Therefore,

£ Z A5 <e Z AS log(Nz)\j) +eeNL
VDN JEIA

171



Recalling (9.32), we get

E(fre)+e Y AN <Ef) +e ) log(eN M) (A — A5) +eeN ™"

JEJIx JEIN
If
E(fa)+eeNT1 =) log(eN2X;) (A — X9),
JEJIA
then

E(frr) +e D> A5 <28(f)) +2eeN~1,
JEIN
and the bound of the theorem follows. Otherwise, we have
E(fr) +e > A5<2e > log(eN?A) (X — A9),
JE€JIN JEJIN

which, in particular, implies that

SO <2snWlles Y 1A = A5l

JEJIA JEJN

This means that A — X\° € Cy, y. The definition of a};()\) implies in this case that

E(fr) +e > A5<2e > log(eNZA)(Nj — A) < 2eay (M)l fx — faelloq)-
JEJIA JEJ N

Since £ is the loss of quadratic type, we have

E(fr) n \/5(,)‘}6)

T

13 = e lliony < N = felloany + 11 e = fell Loqny < \/

(see (9.28)). This yields

E(fr) +e 3 X < E(fy) + 200 (V) (\/5("” " \/5(f”)>.

JEJIN T T
Using the fact that
+ 2.2
and + 2.2
A



we get

() 2B

le

E(fre) +€Z)\

JEIx
which completes the proof.

O

Theorem 9.4 and random error bounds (9.29), (9.30) imply oracle inequalities for
the excess risk £(f;.). The next corollary is based on (9.30).

Corollary 9.1 Under the conditions of Theorem 9.2, for all A € A with J = supp(X) and
for all subspaces L of Lo(I1) with d := dim(L), the following bound holds with probability
at least 1 — N~ and with a constant C' depending on ¢ and on M :

d+ Alog N Alog N
£U030) <9800 + (IR Pl e

U(L)log N
n

+ (af(N)%e* + %)

9.3 Density Estimation and Sparse Mixtures Recovery

Let X1,...,X, beii.d. observations in S with common distribution P that has density
f« with respect to a o-finite measure p in (5,.4). Suppose f, is uniformly bounded by
a constant M and hq,...,hy be a dictionary of probability densities with respect to u
uniformly bounded by 1 (if they are uniformly bounded by an arbitrary constant, the
results hold with a proper change of constants in the theorems). The goal is to construct
an estimator of the density f, in the family of all mixtures {f) : A € A} and in the case
when the dictionary is large, but there exists a ”sparse” mixture that provides a good
approximation of the unknown density. We study an estimator based on minimizing the

entropy penalized empirical risk with respect to quadratic loss:

N
A" = argminye |:”f>\H%2(/J) —2Pufate) Ajlog )‘j] : (9-33)
j=1

We compare A¢ with the solution of penalized true risk minimization problem:

N
argminy e\ [HfAH%z(M) —2Pfr+¢e ) Ajlog )‘j] : (9.34)
=1
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Bunea, Tsybakov and Wegkamp [26] studied a density estimation problem with ¢;-
penalized empirical risk with respect to quadratic loss (in the case of linear aggregation
rather than convex aggregation).

The results are quite similar to what was done in the previous sections in the case

of prediction problems. We formulate them without proofs.

Theorem 9.5 There exist numerical constants D > 0 and C' > 0 such that, for all
JcA{l,...,N} with d:=d(J) = card(J), for all A>1 and for all

[d+ Alog N
c>D d+ Alog 7
n

the following bounds hold with probability at least 1 — N4 :

>3 < 0[S x5+ arny [ TEAREN],

igJ j¢J
« Alog N
Y xe < c[zmw “7“
n
i¢J i¢J
and
« d+ Alog N d+ Alog N
2 2
1fae = FrellZ g + eK (2,0 < O[M proml \/ZWT]
J¢d
Theorem 9.6 Suppose that
Alog N
e>D 8
n
with a large enough numerical constant D > 0. For all J C {1,...,N}, for all subspaces

L of Ly(P) with d := dim(L) and for all A > 1, the following bounds hold with probability

at least 1 — N4 and with a numerical constant C > 0

N d+ Alog N U(L)log N
Yok < O[Z X5 4+ Mt maxc | Py byl ) + ”7{‘5} (9.35)
i i) ne Vis ne
“ d+ Alog N U(L)log N
dox< C[Z X+ MQT + max |1Pphl| Ly (py + %] (9.36)

JgJ
and

J¢J

‘ d+ Alog N Alog N
Hfj\s - fAsH%Q(N) +€K()\€,A€) S C’|:]\42T \/ZAE\/T\/

J¢J
Alog N\ ,U(L)log N
max || P byl e\ — =V = ——|. (9.37)
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In the case of density estimation, the alignment coefficient should be defined in

terms of measure J
a(b)(A)\w) = su {( cu € —Th(N)NC =1
H 3 Ny . p w7u>€2 ‘U A( ) b,\> HquLg(u) )

o () = afy (AN sV (V) VO
with
b:=0b(\) = 2[[lsn(N)]lene -

The next two statements provide an approximation error bound and an oracle in-

equality on the risk Lo(u)-risk of the estimator.

Theorem 9.7 There exists a numerical constant C > 0 such that, for all € > 0 and all
AeEA
I = Fullfyy + 3 X <BIA = fl +C(S2FOP+ < ). (938)
As T IxllLa () 3 = 2IA T Iy (u) N N/ :
Jjésupp(})

Corollary 9.2 Under the conditions of Theorem 9.6, for all A € A with J = supp(A) and
for all subspaces L of Lo(I1) with d := dim(L), the following bound holds with probability

at least 1 — N4 and with a numerical constant C'

1F5e = FllLaquy < 4llEx = FllZ, g+

d+ Alog N Alog N  U(L)log N €
o (3L a1y gy b+ ).

n

9.4 [,-Penalization in Sparse Recovery

In this section, we will briefly discuss another example of strictly convex penalization,
penalization with the p-th power of £,-norm. Specifically, we will study the following

penalized empirical risk minimization problem
X = argmin/\eUzp [Pn(ﬁ o))+ 5H/\HZ,] (9.39)
that will be compared with its true version

N = angiingey, | P £+ <A, | (9.40)
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Here p € [1,2] and we will denote
p

q:= Py
We will be also using the notations of the previous sections such as, for instance, the
quantity U(L).

The following theorems provide control of the size of random Ly(IT)-error || f5. —
Irellpyam in terms of sparsity or approximate sparsity of A°. They also show that ap-
proximate sparsity of A implies that A possesses a similar property. We will start with
the case when the vector \° is sparse, i.e., there exists a small set J C {1,..., N} such

that A5 = 0,5 ¢ J.

Theorem 9.8 There exist constants Dy > 0 and C' > 0 depending only on ¢ with the
following property. Suppose that J C {1,..., N} with d := d(J) = card(J) and

X=0, ¢ J.

For all A > 1, for all D > Dy and for

d+ Alog N 1
E:DNl/q<\/ + nog +\/qn > (9.41)

the following bounds hold with probability at least 1 — N~

« d+ Alog N 1
£
%;&WSCP—;;——VEJ

and

s = FrelZ,m < €

[d + AnlogN \/ (p l_qu)ﬂ .

Another version of the result allows one to use smaller values of regularization

parameter ¢ than in condition (9.41).

Theorem 9.9 There exist constants Do > 0 and C' > 0 depending only on € with the
following property. Suppose that J C {1,...,N} is such that

X =0, 5¢J.

Let L be a subspace of Lo(Il) with d := dim(L) < 4o00. For all A > 1, for all D > Dy

and for

1
e = DN, [1— = (9.42)

n
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the following bounds hold with probability at least 1 — N—4 :

. d+ Alog N N¥(g—1), 1

j%;] |/\§|p < C[T \/I;flg}( HPLlhj||L2(H) \/ U(L)T \/ Da

and

d+ Alog N
n

Nl/q(q . 1)1/2 \/

2
I1fse = rellZpm < C[ \/I}lg 1Pyl o —— 7

L) N2/q(7;] —1) \/ (p ;ql)s] .

Note that if p — 1 < @ (this was the case of p close to 1 studied in [65]), then

Nl/q\/q_ 1 _ \/logN
n n

and the error terms in the bounds of the theorems start resembling the error terms in

the case of ¢1-penalization (see Section 8.2). Also, in the case of p close to 1 the term ﬁ

becomes of the order N~F for some B > 0, so, it is small. The size of this term can be

also controlled by the choice of D (which could be an arbitrary number larger than Dy
for some constant Dy depending only on /).

We turn now to the case when \° is approximately sparse.

Theorem 9.10 There exist constants Dy > 0 and C > 0 depending only on £ such that,
forall J C {1,...,N} with d := d(J) = card(J), for all A > 1, for all D > Dqy and for

e=D(g—1)Na <\/M + \/%> (9.43)

n

the following bounds hold with probability at least 1 — N4 :

. d+ Al
Slr e[S prVa- Tt Ty o)

j¢J J¢J
A d+Alog N\, 1
> X< C[Z APV -D——== \/ﬁ}
j¢J i¢J
and 1/
d+ Alog N p d+ Alog N
Ifse — f/\5||2L2(H) < C[f \/(Z |/\§|P> (J;

i¢J
Nl/q -1 1/2 -1
v D)y e
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Similarly to Theorem 9.9, we will also establish another version of these bounds

that hold for smaller values of €.

Theorem 9.11 There exist constants Dy > 0 and C > 0 depending only on ¢ with the
following property. For all J C {1,..., N}, for all subspaces L C Lo(Il) with d := dim(L),
for all A > 1, for all D > Dy and for

e=D(qg— 1)N1/‘1\/% (9.44)

the following bounds hold with probability at least 1 — N—4

Sl <

i¢J
oS P Vi@~ I a0y LD L
i¢J

Y op<

i¢J
O[S 15 V= DN gy V 00y T L,
J¢J

and

d+ Alog N 1/le/q(q—l)l/2
||f;\s—f>\f\|%z(ﬂ)§0[7n \/<Z|A§f”> — \

NVa(g—1)1/2 N2/1(qg—1 -1
(nq1/2 ) \/U(L) (¢ )\/(qu)f'?}

max | Ppx Rl Ly

We are not going to give the proofs of these results. They are based on general
approach outlined in Section 8.1 and the details of the arguments are close to the proofs
of theorems 8.5 and 9.2. Theorem 3.5 is being used to control the £,-norms of Rademacher
processes indexed by finite classes which is needed in the proofs. It is worth mentioning

that, in this case, inequality (8.4) takes the following form (for A = A%):

el fse = Pl +6pz<|/\€|p tsign(35) — [P sign(35)) (45— X9)
7j=1

S (P —=Po)(l' o f5)(f3e — Foe)- (9.45)
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In the case when A° is sparse, i.e., there exists J C {1,..., N} such that )\j =0,j¢
J, this yields the following bound

clfse = Frellzpmm +ep Y IX51P < (P = Pa)(¢ 0 f)(F5e — fre)- (9.46)
i¢J
This provides a way to control the sparsity of the empirical solution )¢ in terms of the
empirical process in the right hand side which is used to complete the proofs of theorems
9.8 and 9.9.

In the case when the true solution A° is only approximately sparse, the corresponding

bounds become more complicated: for an arbitrary set .J,

log 2 N 2P log 2

P (= 1e Y I < 22520 — 1) D ISP+ (P = Pa) (¢ 0 fro)(F = fae) (9.47)
i¢J J¢J

and

chj\s - f)\s”%Q(H) < (P - Pn)(gl i fj\s)(fj\s - f)\s)'

However, it is still possible to use these inequalities and implement the program outlined
in Section 8.1. This leads to theorems 9.10 and 9.11. Note that, in this case, there is an

additional factor p — 1 in front of the expression
DIV
2
characterizing the sparsity of \°. Essentially, it comes from the second derivative of the
penalty function ¥ (u) = |u|P. In the case when p is close to 1 this factor is small and it

leads to a large extra factor ¢ — 1 in the lower bound on ¢ in theorems 9.10 and 9.11.

This is not needed in the sparse case of theorems 9.8 and 9.9.

Finally, we will discuss a version of approximation error bounds and oracle inequal-
ities in the case of {,-penalization. This can be done by repeating the arguments of

Section 9.2 for entropy penalization.

For A € RV, let

Clearly,
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where ¢(u) = |u|P is the penalty function. The vector

N
s(A) = (s1(N), ., sn(A) =V (AP
j=1

is the gradient of the penalty.

Define the following version of the alignment coefficient:
ot (A) = alf (Ug,, A, 5(0) V0

with
b:=0b(\) :=2[|s(N\)||e. -

The next result shows that the approximation error £(f)s) and the ”approximate

sparsity” of A\® can be controlled in terms of ay ().

Theorem 9.12 There exists a constant C' > 0 that depends only on £ and on the con-
stant M such that || f«]|lco < M with the following property. For all e > 0 and all X\ € Uy, ,

E(he)+e D IXIP <3E(f) + Clas (V)% (9.48)
Jjé#supp(X)

Together with random error bounds, Theorem 9.12 easily implies oracle inequalities.

For instance, the next result follows from Theorem 9.11.

Corollary 9.3 Under the conditions of Theorem 9.11, for all A € Uy, with J = supp(\)
and for all subspaces L of Lo(I1) with d := dim(L), the following bound holds with

A and with a constant C' depending on € and on M :

NYa(q—1)1/2
Vs 1Py St

probability at least 1 — N

£(fye) < a6 () + o TEREN

2/q(q — _
o) =D D o ).
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10 Appendix: Properties of #- and p-Transforms

In this appendix, we provide some properties of f- and b-transforms introduced in Section
4.1 and used in the construction of excess risk bounds. The proofs of these properties
are rather elementary. We are mainly interested in f-transform.

1. If 9(u) = o(u) as u — oo, then the function 1% is defined on (0,+oc) and is a
nonincreasing function on this interval.

2. If 1)1 < bg, then ¢§ < Q,Z)g. Moreover, if 11(d) < 12(9) either for all § > Q,Z)g(z—:), or
for all 6 > 1/1% () — 7 with an arbitrary 7 > 0, then also 1/1% (e) < zbg(s).

3. For all a > 0,

(a)H(e) = ¢F(e/a).

4. If e =e1 4 -+ + &, then
i)\ h(e) < @1+ +ym)ie) < vien) -\ dhalem):

5. If ¢(u) = ¢, then
Vi) = ¢/e.

6. If Y(u) := u® with a < 1, then
Ph(e) = e~ V(-
7. For ¢ > 0, denote 1.(0) := (cd). Then
1
vE(E) = “ut(e/o).
If 4 is nondecreasing and ¢ > 1, then
et (u) < v (u/e).
8. For ¢ > 0, denote ¥.(0) := 1(d + ¢). Then for all u > 0,e € (0,1]
Yi(u) < V¥ (eu/2) — eV ee,

Recall the definitions of functions of concave type and strictly concave type from
Section 4.1.

9. If ¢ is of concave type, then 1! is the inverse of the function

¥(9)
0 — 5
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In this case,

W (cu) = ¢ (u)/c

for c <1 and

W (cu) < ¢F(u)/c

for ¢ > 1.

10. If 4 is of strictly concave type with exponent +, then for ¢ < 1

w (cu) < wﬁ (u)c” 7.
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